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Introduction 
The purpose of this researeh is to develop a rigorous theory and corresponding com-
putational algorithms for a variety of problems regarding the analysis of composite beams 
and plates. The modeling approach is intended to be applicable to both static and dy-
namic analysis of generally anisotropic, nonhomogeneous beams and plates. The major 
part of the effort during this first reporting period has been devoted to development of a 
theory for analysis of the local deformation of plates. In addition, some work has been 
performed on global deformation of beams. Because of the strong parallel between beams 
and plates, we will treat the two together as thin bodie3, especially where we believe it 
will aid in clarifying to the reader the meaning of certain terminology and the motivation 
behind certain mathematical operations. 
Background 
The static and dynamic analysis of beams and plates is of fundamental importance in 
many engineering problems. In design and analysis of modern aerospace systems, subsys-
tems which consist of laminated plates or composite beams are often encountered such as 
wing, fuselage, and rotor blade structures. Classical beam and plate theories are known 
to be adequate for many applications. For beams or plates with anisotropic and nonho-
mogeneous construction, however, these theories suffer from several sources· of inaccuracy. 
For example; composite beams - even those which are slender - can be very flexible in 
shear. When such beams are analyzed by classical theories, which generally ignore shear 
deformation, certain kinematical quantities and associated constitutive couplings are ab-
sent which are known to be important. Rehfield, Atilgan, and Hodges (1990) concluded 
that such phenomena can influence the global deformation in thin-walled beams designed · 
for extension-twist coupling by as much as a factor of two! One of the chief mechanisms for 
this large effect is a coupling between bending and shear deformation due to anisotropic 
materials (see, Rehfield and Atllgan, 1989). 
This conclusion also holds for beams which are not necessarily thin-walled; how-
ever, the cross sectional analysis of · general nonhomogeneous, anisotropic beams cannot 
be treated without finite elements. Unlike classical beam or plate theories, theories for 
composite beams or plates must contain some means of calculating theelastic properties. 
These properties are not merely material moduli multiplied by certain integrals over the 
section of the beam. A review by Hodges (1990a) covers most of the literature dealing 
with modeling of beams prior to 1988. A similar treatment of composite plates, in which 
the determination of properties is carried out as a separate analysis, appears to be missing 
from the literature. 
The analysis of deformation for composite thin bodies normally must be done as 
an iterative process. There are local deformation analyses, which determine the elastic 
constants and details of local deformation in terms of global deformation parameters. Also 
there are global analyses, which determine the global (beam- or plate-like deformation such 
as bending, extension, torsion, and shear) deformation. One could proceed as follows: (1) 
calculate the local deformation an.d elastic constants for the undeformed structure; (2) use 
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the resulting elastic constants in a global deformation analysis; (3) recalculate the local 
deformation for the deformed structure; ( 4) stop the process if the elastic constants do 
not change more than some tolerance or else go back to step 2. Most plates and many 
beams do not exhibit a sufficiently large local deformation (which we will call warping) to 
require more than one calculation of properties. In other words, elastic constants which 
are determined based on the undeformed state may be sufficient even for geometrically 
nonlinear analyses. 
There is another aspect of research which we originally proposed, that being the use of 
space-time finite elements to treat the global dynamics of beams. In the time between the 
submittal of our proposal to the Aerostructures Directorate and its being funded, another 
of our proposals was funded. It had been under review at the National Science Foundation 
for a long time; among other things, it concerns the dynamics of beams by space-time finite 
elements. Since both of these grants have this common subject matter as subsets of their 
programs, we intend to treat this portion of the research as jointly funded. Prof. David 
A. Pet~rs and Dr . . Weiyu Zhou have contributed to the NSF work, and thus, indirectly to 
this project. 
Most finite element procedures for time-dependent phenomena are based on semi-
discretizations; finite elements are used in space to reduce to a system of ordinary differen-
tial equations. This kind of procedure is widely used in practice and fairly well understood. 
Space-time finite elements have been rarely used in solutions of engineering dynamic prob-
lems. Classic time integration methods are usually included in computational procedures. 
Recent developments of the space-time finite element method allow application of approx-
imation techniques to the spatia,~ and temporal domains. Special schemes lead to highly 
efficient algorithms that reduce both memory requirements and number of arithmetical 
operations. 
The use of space-time finite elements presents yet another duality. The static and 
frequency-domain global deformation analyses for plates are solved on the 2-D domain of 
the plate; the space-time dynamics of beams can be cast as a 2-D problem with simulta- · 
neous spatial and temporal discretizations. 
Previous Work Related to Beams 
Although there has been much work published in the literature on beams and plates, 
a unified approach such as we are undertaking has not received very much attention. 
Furthermore, most of what does exist in the literature applies to beams only. Thus, before 
getting into plate references, we will describe the analogous type of analysis for beams with 
the hope of clarifying what we have begun to do for plates. 
Berdichevsky (1981) was the first to prove, from variational-asymptotic considera-
tions, that nonlinear analysis of beams can be split into two separate problems: the local 
deformation is a linear 2-D problem, and the global deformation is a nonlinear 1-D prob-
lem. The global deformation analysis of beams can be undertaken by use of 6 displacement 
variables associated with a cross section of a beam. The variables describe displacement 
of a point in the cross section and rotation of the cross section as a rigid body. There are 
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also 6 generalized strains (extension and two shearing strains at the reference line, twist, 
and two bending "curvatures") and 6 stress resultants (axial force and two components 
of shear force, twisting moment, and two components of bending moment); these must 
be related by elastic constants. This way of describing the global deformation requires at 
most 21 elastic constants (a symmetric 6 x 6 matrix). 
Beam Local Deformation To find these constants, all possible local deformations (i.e., 
warping) of the cross section rnust be taken into account, although they can be assumed 
small. Here warping refers not only to out-of-plane distortion of the cross section during 
torsional deformation as in classical theories, but in-plane and out-of-plane deformation; 
these are fully coupled when the beam is nonhomogeneous and anisotropic. 
As pointed out by Hodges (1990a), the work by Giavotto et al. (1983) is the most gen-
eral of all the published works. Giavotto et al. (1983) developed a finite element approach 
for determining the elastic constants for an arbitrarily nonhomogeneous, anisotropic beam. 
This approach makes use of a two-dimensional finite element mesh representative of the 
beam cross section geometry and material properties. The results, in addition to the ma-
trix of elastic constants, include the distribution of warping displacements per unit values 
of each of the stress resultants (section forces and moments in the cross section basis) and 
the three-dimensional stress and strain values throughout the cross section per unit values 
of the stress resultants. 
Because of the generality of the work of Giavotto et al. (1983), we have adapted aver-
sion of the code developed by Giavotto, Borri, and their associates for obtaining the elastic 
constants for anisotropic beams. Its only shortcoming is its rather long computer times for 
calculating properties of realistic composite beams. For this reason, under Army Research 
Office sponsorship, we are also developing a theory based on the variatio~al-asymptotic 
method as formulated and applied to nonlinear analysis of isotropic shells by Berdichevsky 
(1978, 1979). This method has some promise of yielding a more computationally efficient 
algorithm for extracting the properties. . 
Beam Global Deformation These elastic constants can then be used to find either linear 
or nonlinear global deformation:, free-vibration modes and frequencies (see, Hodges and 
Atllgan et al., 1989, 1990), and buckling behavior (see, Rehfield and Atllgan, 1989). Vari-
ous modal, direct numerical integration, and finite element methods exist for this purpose. 
Because of their computational efficiency and modeling flexibility, finite element methods 
are quite popular. Displacement :finite element methods for geometrically nonlinear behav-
ior of beams, however, require numerical quadrature of highly nonlinear functions of the 
beam deformation. This tends to make the numerical solution procedure quite inefficient. 
On the other hand, with a mixed method such as that of Hodges (1990b ), numerical ele-
ment quadrature can be avoided (as long as applied load terms that are explicit in the axial 
coordinate are integrable in closed form). Such a nonlinear global analysis gives the beam 
displacements, rotations, extensional strain, shear strains, twist, bending curvatures, and 
sectional forces and moments to a comparable level ~f accuracy. It should be noted that 
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one can then use these results for forces and moments to find pointwise stress or strain 
levels throughout the cross section using the cross sectional finite element mesh. 
Beam behavior in the time domain can be calculated by finite elements. For the 
dynamics of beams, recent work in the field of space-time finite elements applied to struc-
tural dynamics are described and reviewed by Bajer and Bonthoux (1988). There have 
been several developments in this area for time domain analysis of simple linear oscillators 
and rigid bladed helicopter rotors; for example Borri et al. (1985, 1988), Borri (1986), and 
Peters and Izadpanah (1988). The results indicate that finite elements in time provide a 
way of determining the dynamic behavior of a deformable body undergoing time-dependent 
loading. We have concentrated our work on the determination of the dynamic response 
of flexible structures by simultaneous discretization of the spatial and temporal domains. 
The main purpose is to determine if this methodology can be made feasible. 
Previous Work Related to Plates 
Reissner (1985) departed from a three-dimensional statement of the problem recalling 
the fact that in the absence of the adjective thin, plate theory would be no more than 
a class of boundary value problems in three-dimensional elasticity. He gave an excellent 
sociological-historical survey with his interpretations of the nature of approximations and 
their consequences. He also touched upon the qualitative differences in the modeling of 
laminated plates. Since we believe that a consistent plate theory should include all possible 
deformations, our starting point is, naturally, the three-dimensional kinematics. 
The analysis of laminated plates has attracted an enormous amount of attention. A 
description of the plate problem, analogous to the beam, has not been published to the 
best of our knowledge. Although the review articles by Bert (1984) and Noor and Burton 
(1989) contain hundreds of references which treat the laminated plate problem, all of them 
use some sort of explicit, analytic, through-the-thickness assumptions for displacement. 
While this is not incorrect, simple, low-order theories of this type will not yield correct 
stresses and strains through the thickness. The reason for this is rather obvious: in a 
laminated plate where each layer has distinct material properties, the actual displacement 
is not and cannot be analytic. When the assumed displacement is differentiated to yield 
the strain, the approximate strain will also be analytic while the actual strain may be 
discontinuous. Higher-order theories will be more accurate, but at a potentially high cost. 
There are alternatives. One is to use a family of approaches as outlined and reviewed 
by Librescu and Reddy (1989) in which breaking the plate into finite elements through the 
thickness is advocated. This will yield the correct answer, but, again, at a potentially high 
computational cost. Another alternative is to derive a local deformation theory similar to 
that for the beam described above. 
Present Approach 
Plate Modeling In this research, we are developing such a computational method for 
determining the elastic constants for laminated plates. The approach is very similar to 
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that described above for beams. Yet, to the best of our knowledge, the present approach 
has never been attempted. We originally set out to solve the interior St.-Venant solution 
for the plate by finite elements in a manner that is strictly analogous to the approach of 
Giavotto et al. (1983) for the beam problem. After applying the finite element method, 
a set of linear equations were obtained that were very similar to those of Giavotto et 
al. (1983). Solution of these equations in a manner similar to the earlier ones, however, 
turned out to be difficult. Thus, we turned to an approximate solution based on the 
variational-asymptotic method. 
The domain of the local deformation problem for the beam is planar (2-D), just as the 
global deformation problem for the plate is. On the other hand, the global deformation 
·. problem for the beam is solved along a line (1-D), just as the local deformation problem for 
the plate is. For the local deformation of the plate, instead of an arbitrary interior cross 
section as with the beam, we work with an arbitrary interior normal line element of the 
plate (a line of material points normal to the reference surface of the plate). The tractions 
acting on this line element are used to obtain a variational principle governing the local 
stress resultants and deformation of the line element. The variational principle leads to a 
symmetric 8 x 8 matrix of elastic constants (for a total of 36) based on the linear relation 
between the 8 stress resultants and 8 generalized strains. 
As with the beam problem, the elastic constants will be determined from a finite 
element code that is linear. This code will enable us to calculate the elastic constants for 
an arbitrary laminated plate. In this report, after presentation of the theory, we present 
some preliminary results. These results, which essentially duplicate classical theory, were 
obtained to check out the methodology and the code. 
Dynamics. of Beams An important step towards obtaining a general and consistent form 
of beam elastodynamic equations was taken by Hodges (1990b ). Therein, geometrically 
nonlinear beam elastodynamic equations as derived from Hamilton's Principle; also, using 
appropriate Lagrange multipliers a mixed variational formulation suitable for space-time 
finite element discretization was developed. In order to exploit the usefulness of space-time 
finite elements we decided to start from the very basic linear equations for longitudinal 
dynamics of a beam, a special case of Hodges (1990b ), and their solutions. In this report, 
after a brief treatment of the theory, there are a few preliminary results presented. 
The report closes with a deseription of work to be undertaken during the next reporting 
period. 
Unified Variational Formulation for Anisotropic Plates 
Our starting point is the nonlinear kinematics of deformation for plates. We will 
develop the three-dimensional Biot strain field based upon the kinematical development of 
Danielson (1989). After this, we will formulate the strain energy. Finally, approximations 
of this strain energy function will be discussed and asymptotically correct solutions for 
the through-the-thickness analysis of isotropic plates, as well as the corresponding elastic 
constants, will be given. 
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Kinematics 
A plate is a flexible body in which matter is distributed about a planar surface so 
that one dimension is significantly smaller than the other two. (Much of our analysis 
can be easily extended to treat shells, but herein we will consider only plates.) The 
reference surface is an arbitrary planar surface, not necessarily the mid-surface of the 
plate. Throughout the analysis, Greek indices assume values 1 or 2, Latin indices assume 
values 1, 2, and 3 and repeated indices are summed over their ranges. Let us establish 
a Cartesian coordinate system ~r i so that x a denote lengths along orthogonal lines in the 
reference surface and X3 is the distance the normal to the reference surface. Let hi denote 
an orthogonal reference triad along the undeformed coordinate lines. The position vector 
to an arbitrary point along the normal line is 




· 1 8r* 8r* 
l g =--eijk-- x --2-/9 axj axk 
where g = det(gi · gi ). For this analysis, both reduce to 




In a similar manner, consider the deformed state configuration. The particle which 
had position vector r*(xi,x2,~r:3) in the undeformed plate now has position vector 
R*(xt, x2, x3) relative to the same point, which can be represented by 
where R(xi,x2) = r(xt,x2) + u(xt,x2) and u = uihi is the displacement vector of the 
points on the reference surface and Wi( XI, x2 , X3) is the general local (i.e., warping) dis-
placement of an arbitrary point on the normal line, consisting of both in- and out-of-plane 
components, so that all possible deformations are considered (Figs. 1, 2). The relationship 
between Bi and hi is given by 
(5) 
where C( XI, x2) is the matrix of direction cosines. Covariant deformed base vectors 
(6) 
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can be obtained by standard means. It should be noted, however, the measure numbers Wi 
provide redundant information sincP. the normal line undergoes rigid-body displacement 
due to Ui and rigid-body rotation due to C. Therefore, some means of removing this 
redundancy must be introduced. For a plate, we can choose the unit vectors Bi so that 
Wi is small, at least in some sense. Setting an appropriate number of weighted average 
displacements to zero is one way to remove the redundancy. This can be conveniently done 
by the finite element method and will be dealt with below. 
Here we restrict ourselves to the case when strain and local rotation are small so that 
the three-dimensional Biot strain can be expressed as 
r* =A +AT- I 
2 
(7) 
where Aij = Bi · Gkgk · bj is the deformation gradient matrix and I is the 3 x 3 identity 
matrix. Here r* is a 3 X 3 synunetric matrix. Introducing the column matrix w with 
components Wi, one can expressed the three-dimensional strain field as a 6 x 1 column 
matrix r = L ru 2r12 r22 2r13 2r23 r33 J T so that 
(8) 
where ( ),i denotes the partial clifferentiation with respect to Xi and 
1 0 0 0 0 X3 0 0 0 0 0 
0 1 0 0 0 0 X3 0 0 0 0 
1i= 
0 0 1 0 0 0 0 X3 
I3 = 0 0 0 0 0 0 1 0 0 0 0 1 0 0 
0 0 0 0 1 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 1 
(9) 
1 0 0 0 0 0 
0 1 0 1 0 0 
I1 = 0 0 0 I2 = 0 1 0 0 0 1 0 0 0 
0 0 0 0 0 1 
0 0 0 0 0 0 
and € = L 1 K J T, the intrinsic strain measure which is function of only X 01 • Also 1 = 
L 111 2112 122 2113 2123J T and K = L Ku 2K12 K22J T are the so-called force and moment 
strain measures. Note that 111 and 122 are the extensional strains of the reference surface, 
1 12 is the shear strain in the plane of the reference surface, la3 are the transverse shear 
strains of the normal line element, K11 and K 2 2 are the elastic components of the bending 
curvature, and K12 is the elastic twist. The force and moment strain measures are so 
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designated because they are conjugate to the actual running stress and moment resultants, 
respectively. 
Since warping displacements are supposed to be quite small, the few nonlinear terms 
in the strain field, which couple w and €, have been neglected in Eq. (8). The form of the 
strain field is of great importance because it is now linear in/, "''and wand its derivatives. 
IT the top and the bottom of the line element through the thickness of the plate are free 
of tractions, application of the principle of virtual work to an infinitesimal line element, 
would lead to a system of linear· equations over the one-dimensional line element governing 
w. The warping could then be determined in terms of these intrinsic strain measures or 
stress resultants as in Giavotto et al. (1983). This would lead to a unique two-dimensional 
strain energy function U( /, "'). The elastic law could then be put in a form 
(10) 
where F and M are column matrices F == L Fu F12 F22 F13 F23J T and M = 
L Mu M12 M22J T. Here Fu and F22 are the in-plane stretching stress resultants, F12 
is the in-plane shear stress resultant, FOt3, are the transverse shear stress resultants; Mu 
and M22 are the bending moment resultants and M12 is the twisting moment resultant, 
all expressed in the Bi basis. The elastic stiffness matrix relating F and M to 1 and "' is 
8 x 8. The matrix A is 5 x 5, Dis 3 x 3, and B is 5 x 3. 
Even though this methodology is successful for beam formulations (for linear analysis 
see Giavotto et al., 1983, and for nonlinear analysis see Ahlgan and Hodges, 1990), it has 
not been completely resolved for plate analysis. (This analysis is outlined in the Appendix 
as far as we have been able to take it.) Therefore, we have changed our methodology from 
direct to asymptotical analysis. 
Strain Energy and Approximations 
One of the most consistent ways to obtain the constitutive law for thin-body (i.e. beam 
and plate/shell) analysis is the use of asymptotical analysis. Literature for the successful 
analysis of asymptotical methods for beams can be found in Hodges (1987) and Atilgan and 
Hodges (1990) and for plates in Noor and Burton (1989). In addition to the direct asymp-
totical analysis, which is applied to differential equations, Berdichevsky (1978, 1979) devel-
oped the variational-asymptotical analysis, which is applied to functionals. Berdichevsky 
and his co-workers applied this method successfully to beams and shells for static and 
dynamic analysis. An outline and a simple application of this method to beam analysis 
can be found in Berdichevsky (1980). In what follows we will apply this method to non-
homogeneous and anisotropic plates to obtain the most consistent approximations of the 
constitutive law. 
Three-Dimensional Strain Energy for Anisotropic Plates 
The three-dimensional strain energy for an anisotropic plate can be written as 
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(11) 
where Dis the 6 x 6 symmetric material stiffness matrix which relates the three-dimensional 
Biot strain r to the three-dimensional J aumann stress Z. The form of this matrix can be 
found in Jones (1975) for all possible type of material structures ranging from transversely 
isotropic case to most general anisotropy. The J aumann stress is also arranged in a 6 x 1 
column matrix form z = L Zn ZI2 z22 z13 z23 z33 J T so that 
Z=.Dr (12) 
Since warping is a three-dimensional function of all coordinates, for most general 
configurations, it is not possible to deal with it only through the thickness. Therefore, one 
should discretize the warping as follows 
(13) 
Then, using this together with Eq. (8) in Eq. (11), one can obtain the strain energy as 
follows 
u = L/J€T AE+ 
Er Rr·w + wr RE + wr EW + 




R = { N'T I[ D1idx3 E = { N'T I[ DI3N' dx3 
.lh Jh 
C" = 1 N'Tf{DI"Ndx3 M"p = 1 NTI"DipNdx3 
(15) 
and where ( )' denotes differentiation with respect to X3. Because the description of the 
displacement is 5 times redundant, the rigid-body portion of the warping degrees of freedom 
must be removed in forming these equations. After this, the matrix E will be positive 
definite. The rigid-body portion of w can be removed by constraining the finite element 
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nodes. In order to do this, we set wa = 0 at the reference surface and Wa = 0 at the upper 
and lower surfaces. 
Development of Finite Eletnent Approximations for Anisotropic Plates 
The zeroth approximation of the strain energy can be obtained by neglecting the 
warping completely. Then, the energy is only due to the global measures of the deformation 
and the stiffness matrix of the plate is just the matrix A. It can be shown that the matrix 
A gives an upper bound for the stiffnesses. 
A first approximation of this functional can be obtained by taking only the first 
two lines of the strain energy functional. (This approximation cannot be called the first 
approximation until it is proven. We address this below.) These four terms are considered 
to be the most dominant term'S in the strain energy functional. The reason for this is 
that differentiation with respect to the in-plane coordinates x 1 and x2 will always result 
in smaller magnitudes than differentiation with respect to the thickness coordinate xa. 
Therefore, the energy obtained by the remainder terms should be smaller than the first 
four terms. The first approximation of the strain energy functional then reads 
(16) 
Since at the beginning we consider warping to be an arbitrary quantity, independent of the 
global strain measures, the Euler-Lagrange equation associated with W will be obtained 
from this functional by taking a straightforward variations of with respect to W yielding 
RE+EW=O (17) 
From this we obtain a relationship between our global strain measure f. and the warping 
W to be 
(18) 
In order to prove that this is the first approximation we need to find the second approxi-
mation. It can be shown by using a parallel development with that of Berdichevsky (1979) 
that the solution obtained here is the first approximation. 
In order to find the stiffness martix, Eq. (18) is used in the first approximation of the 
strain energy functional, Eq. (16) which gives 
(19) 
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This is the the first approximation for the strain energy. Derivative of the strain energy 
with respect to the global strain measure € results in the conjugate measures of the section 
stress resultants 
(20) 
This relation suffices the existence of a relationship between stress resultants and the 
global measure of strains through an elastic law, which we call the first approximation of 
the matrix of elastic stiffness constants, S*, as in Eq. (10) 
Q = S*€ (21) 
Following the above operation, S* can then be found as 
(22) 
The matrix representing the first-order warping contribution to the stiffness matrix, 
RT E-1 R, is positive definite. It can also be shown that a finite element approximation for 
the first asymptotic approximation S* will be an upper bound on the actual stiffnesses. 
The First Approximation for Isotropic Plates 
When we reduce our equations to the isotropic case it is possible to obtain an analytical 
solution for warping and the stiffness matrix. Using Eq. (16) for the isotropic case (for the 
first approximation for isotropic case, it is not necessary to discretize the warping) gives 
the warping displacements as foLlows 
WI = W2 == 0 
w3 = -2v [Cru + 'Yn) xa + (Ku + Kn) x2~] 
(23) 
where vis Poisson's ratio. The the elastic stiffness constants can be expressed in terms of 
v, Young's modulus E, and the shear modulus G. For the first approximation, the matrix 
of elastic constants is found to be 
12 
Eh 0 Eh v 0 0 0 0 0 (1-v2) (1- i~ 
0 Gh () 0 0 0 0 0 
~v 0 Eh 0 0 0 0 0 (1-v2 ) (1-~ 
0 0 0 Gh 0 0 0 0 
S* = 0 0 () 0 Gh 0 0 0 (24) 




12(1-v2 ) 12(1-v2 ) V 
0 0 0 0 0" 0 Eh
3 
0 6(1+v) 




12(1-v2 ) V 12(1-v2 ) 
It can be seen that for the first approximation our results are exactly the same as those from 
classical isotropic plate theory. Since classical plate theory makes use of the plane 3tre33 
assumption we see that the first approximation of our general functional also coincides 
with the plane stress assumption. If we were to neglect the warping starting from the 
beginning of our analysis then the stiffness values would be overestimated. The important 
point here is that cla3sical isotropic plate theory does include warping! 
As a first step in developing a numerical procedure, a finite element code has been 
written to evaluate the warping and the elastic constants for the isotropic case. Two-noded 
elements were used with C0 continuous shape functions. Results which have been obtained 
coincide almost identically with classical theory, and the agreement becomes much better 
as more elements are taken. An example output from our finite element program is shown 
in Fig. 3. The distribution of warping through the thickness due to 111 + 122 and Ku + K22, 
respectively, are plotted in Figs. 4 and 5. 
Elastodynamics of Beams 
In this section, we describe a simplified case for longitudinal dynamics of a beam. We 
begin with the equations of motion and develop a weak form for mixed space-time finite 
elements. Finally, we present son1e numerical results. 
Linear Rod Elastodynamic Equations 
The equation of motion for a rod is given as 
F'-P+!=O (25) 
where F is the internal axial force, P is the linear momentum, and f is the force applied 
to the rod. All of these quantities are scalars and are functions of both space and time. 
The linear rod kinematics is defined by a single displacement variable u. The velocity 
of the rod is obtained by differentiating the displacement with respect to time. Then the 
velocity of any point along the rod generator is 
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V=U (26) 
The strain of the rod can be obtained by differentiating the displacement with respect to 
the spatial variable. So that the strain is 
€ = u' (27) 
The constitutive laws for the rod, which connect the strain and velocity to axial force 
and linear momentum, can be simply written as 
F = J.l€ P=mv (28) 
The response of the rod can then be obtained by solving these equations simultane-
ously. Because of the simplicity of the structure, analytical solutions exist for some simple 
loadings. Thus, some inital and two-point boundary value problems can be used as bench-
mark cases in which space-time :finite element method based upon above equations can be 
compared with some analytical solutions in the literature. 
Weak Formulation for Space-Time Finite Elements 
It is possible to obtain a weak formulation for a rod by just specializing the weak 
form given by Hodges (199Gb). However, since for this simple model we have such a 
simple constitutive law, one may find it useful to satisfy the constitutive relationships 
(algebraic equations) strongly. In this way we do not introduce any more unknowns than 
are necessary. Consequently, the following weak form can be obtained 
j j (o;.- 0::) P + ( 8:- 8u') F + u ( -8P +OF)+ 
A(x,t) (29) 
f8u + i ( -P8u + u8P)\x + i (F8u- u8F)I, 
where 8u, 8P, and 8F are test functions. It can be seen that one of the important properties 
of this functional is that none of the unknowns are ever differentiated. All the spatial and 
temporal differentiations are performed over the test functions. Weak forms with this 
property have been termed as "the weakest possible form" by Ablgan (1989). However, by 
allowing differentiation only over test functions yields a form such that the field equations 
now govern the test functions; note that they govern the trial functions in the primitive 
weak form. Since one may assign any function as a test function, the Green functions 
of the field equations could be chosen as test functions. The method using this kind of 
weak form has been called the "boundary element method" in the literature. Therefore, 
even though the weak forms can be same, selection of different shape functions can lead 
different solution strategies. This simple example can show that the differences in finite and 
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boundary element techniques are superficial; both are coming from the same background. 
More details along these lines and weak forms for theoretical mechanics will be found in a 
paper under preperation. 
Applications 
The initial value problem of a cantilevered rod subjected to a suddenly applied load 
(Heaviside step function) at the free end is considered. This is a classical wave propagation 
problem for which the force and linear momentum are discontinuous. This problem was 
also investigated by Iura et al. (1988) by using a different weak form and by Mansur and 
Brebbia (1984) by using the boundary element method. 
Our space-time element is rectangular. With the weak form, Eq. (29), we have chosen 
the following shape functions. For u, F, and P, constants were chosen in the element 
interior. For the boundary, u is a constant but distinct value from the interior on each 
of the space and time boundaries. On the other hand, F and P are represented by Dirac 
delta functions at the element corners. The test functions hF and hP are linear in the 
space and time directions, respectively; and hu is bilinear in space and time directions. 
Our results are shown in Figs. 6- 8 for the displacement, force, and linear momentum. 
Notice the discontinuous quantities are predicted accurately. Similar results for a case with 
. initial displacement are shown in Figs. 9 - 11. In both cases, the results match the exact 
solution. 
Future Work 
In the near future we will develop the second approximation for plate analysis. When 
applied to the isotropic plate, this will result in a computational method for generating, 
as a check, the so-called "shear-correction factors." After validation of the code, we will 
then extend it to treat anisotropic, laminated plate problems. 
For the work on beam elastodynamics, we will continue to expand the capability of 
the analysis to deal with periodic excitation, arbitrary beam deformation, and nonlinear 
problems. 
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Appendix 
Consider a line element through the plate thickness (Fig. 12). The principle of virtual 
work for this filament can be written as follows 
(30) 
where 8s is the virtual displacement of an arbitrary point on the normal line ele-
ment, 8r is a three-dimensional virtual strain, and Z is the three-dimensional stress 
measure conjugate to the strajn, arranged in a 6 x 1 column matrix form Z = 
L Zn z12 z22 z13 z23 z33 Jr. The tractions on the lateral surfaces of the line 
elements are writ ten as 
(31) 
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This principle enforces the weak satisfaction of the three-dimensional equilibrium 
equations, and traction-free upper and lower surfaces. This is clearly analogous to the 
beam St. Venant problem, except that this is for a one-dimensional line element through 
the thickness of a plate. 
Let us decompose the displacement field into warping and rigid body displacement 
components 
(32) 
where w and u are 3 x 1 column matrices for warping and the displacement of the reference 
surface, respectively. As outlined in the text, it is possible to find the three-dimensional 
strain as 
(33) 
where matrices 'H, 13 , 11 , and 12 are defined in the text. The stress-strain relationship is 
given as Z ==Dr. Substitution of Eq. (33) into the principle of virtual work, and discretiz-
ing warping as w = N(x3)W (x1, x2) one can obtain the following system of equations 
where 
and the matrices are defined as 
A= 1 NTf{DI1 Ndx 3 
C = 1 NTf[DhNdx3 
H = 1 NTf[DI3 Ndx 3 
J = 1 NT i[ D1idx3 
B = 1 NTI[DI2 Ndx 3 
D = 1 NTI[DI3 Ndx3 E = 1 NTf[DI3 Ndx 3 
I = 1 NT I[ D1idx3 





Eq. ( 34) can be reduced to one matrix equation governing the warping. However, in order 
to solve that equation, one must find a scalar algebraic equation governed by each stress 
resultant (each element of Q). Since we have not been able to find such an equation, 
we have changed methods. It may be possible to find a solution for Eq. (34) by using a 
different approach, and this possiblity is still open. 
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Figure 1: Geometry of plate deformations 
p' 
£,.r· 13 . 
L -~ 
Figure 2: Concept of local rotation 
Number of elements 32 
Thicl<ness(m) 0.00200 
Young's modulus(N/m2) 0.20000+09 
Poisson's ratio .25 
Constraints : 1 2 51 97 98 
A matrix (without warping) 
0.48000+06 0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.16000+06 0.00000+00 0.48000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.16000+00 0.00000+00 0.53330-01 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.53330-01 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.53330-01 0.00000+00 0.16000+00 
RT E1R (warping effects) 
0.53330+05 0.00000+00 0.53330+05 0.00000+00 0.00000+00 0.14210-13 0.00000+00 0.14210-13 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.53330+05 0.00000+00 0.53330+05 0.00000+00 0.00000+00 0.14210-13 0.00000+00 0.14210-13 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.17760-13 0.00000+00 0.17760-13 0.00000+00 0.00000+00 0.17760-01 0.00000+00 0.17760-01 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.17760-13 0.00000+00 0.17760-13 0.00000+00 0.00000+00 0.17760-01 0.00000+00 0.17760-01 
!'(stiffness matrix) 
0.42670+06 0.00000+00 0.10670+06 0.00000+00 0.00000+00 -0.14210-13 0.00000+00 -0.14210-13 
0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.10670+06 0.00000+00 0.42670+06 0.00000+00 0.00000+00 -0.14210-13 0.00000+00 -0.14210-13 
0.00000+00 0.00000+00 0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 0.00000+00 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.16000+06 0.00000+00 0.00000+00 0.00000+00 
-0.14210-13 0.00000+00 -0.14210-13 0.00000+00 0.00000+00 0.14220+00 0. 00000+0.0 0.35570-01 
0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.00000+00 0.53330-01 0.00000+00 
-0.14210-13 0.00000+00 -0.14210-13 0.00000+00 0.00000+00 0.35570-01 0.00000+00 0.14220+00 
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Figure 5:- The distribution of warping through the thickness due to K 11 + K 22 
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Figure 9: Displacement distribution in space-time domain due to initial displacement 
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Figure 11: Linear momentum distribution in space-time domain due to initial displacement 
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Introduction 
The purpose of this research is to develop a rigorous theory and corresponding com-
putational algorithms for through-the-thickness analysis of composite plates. This type 
of analysis is needed in order t:o find the elastic stiffness constants for a plate and to 
post-process the resulting plate solution in order to find the warping, strain, and stress 
distributions through the thickness of the plate. In the last progress report, a theoretical 
approach and attendant finite element method were described, which we are continuing 
to follow. Additional insight has also been gained into the theory so that a finite element 
discretization may not be required in all cases. Both finite element and analytical methods 
have been pursued in parallel during this reporting period. Also during this period, the 
nonlinear global deformation analysis (deformation of the surface) of plates was addressed. 
This, together with the above, constitutes the complete boundary value problem for plates. 
The present framework naturally leads to an exact development of equilibrium equa-
tions in terms of stress resultants and strain measures. Also, it is possible to express the 
strain measures exactly in terms of the derivatives of displacement and rotational variables. 
On the other hand, because of the nature of this two-dimensional formulation, "modeling" 
(reduction from three to two din1ensions) is inherently approximate. In order to handle 
the modeling in the most consistent manner, asymptotical analyses are used. 
Accomplishments to Date 
In the first reporting period, we started with a "direct analysis" analogous to the beam 
modeling approach of Atilgan and Hodges (1991a). However, the resulting equations were 
not easy to solve, and this was abandoned (see the appendix of the first progress report). 
After that we turned our attention to the variational-asymptotical analysis of Berdichevsky 
(1980), which seemed to be a viable possibility for modeling. In fact, as we derived in the 
first report, the classical isotrop:ic plate elastic constants are easily obtainable by this 
approach. We now summarize our progress in the second reporting period. 
Modeling of a Plate 
We investigated the modeling; of laminated composite plates for the first approxima-
tion (in which shear deformation is ignored). Subject only to the restriction that the fiber 
directions in the undeformed plate are parallel to the plane of the plate, this approach 
leads to the same stiffnesses as would be obtained from classical laminated plate theory. 
(This restriction is subsequently referred to as the "lamination hypothesis.") Other char-
acteristics of classical plate theory are also consistently obtained. The stress and strain 
distributions through the thickness are consistent with the plane stress hypothesis, and 
the concomitant stretching of the normal line element is automatically included - contrary 
to some "engineering" treatments in the literature in which the normal line remains rigid. 
Although we have begun to look at the second approximation (in which shear deforma-
tion and other effects are added), we will not consider the relaxation of the lamination 
hypothesis until much later in the project. 
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Next, we extended our modeling to the analysis of laminated plates in which trans-
verse shear deformation effects are considered. This analysis corresponds to the second 
approximation in our variational-asymptotical analysis, and it is in agreement with the 
literature when the plate is either isotropic or anisotropic but homogeneous. In this case 
one can express the shear energy contribution in terms of a "shear-correction factor" given 
by ~· 
Finally, we considered plates that are both nonhomogeneous and anisotropic through 
the thickness. Even though the analysis turned out to be algebraically tedious, we have 
finally succeeded by virtue of the methodology outlined in Berdichevsky (1983). Therein, 
Berdichevsky performed his variational-asymptotical analysis for a special plate configu-
ration where, although different materials are used, their Poisson ratios remain the same. 
We have extended his method to the case of a general laminated plate subject only to 
the lamination hypothesis. Our development is very simple, asymptotically correct, and 
amenable to closed-form solutions. This latter point means that finite element discretiza-
tion may not be necessary. Our plan is to develop the finite element and the analytical 
methods in parallel in order to validate the results. We will then have the freedom to 
choose the method which is most convenient for rapid computation. 
Rather than present theoretical details here, we have chosen to summarize the results 
here and include the details in the paper by Atilgan and Hodges (1991b). This paper 
will be finished in early February and sent under separate cover to the Technical Monitor. 
Results obtained from the finite e:lement code agree with those from the analytical solution 
for a laminated composite plate. These results are given in Figs. 1 and 2 for a plate made 
of graphite-epoxy with a layup (0, 90) 8 • The material properties are taken from Pagano 
(1969) and are given as 
EL = 25 x 106psi 
G LT = 0.5 x 106psi 
VLT = VTT = 0.25 
ET = 106 psi 
GTT = 0.2 x 106 psi 
where L signifies the direction parallel to the fibers and T the transverse direction. In the 
results below, the bonding between layers is assumed to be ideal. If interlaminar shear 
stress were to be calculated, however, the accuracy might be better if the layers of bonding 
material were modeled with separate elements. 
The warping displacement for a laminated plate due to extension is shown in Fig. 1 
and for pure bending in Fig. 2. Note that the warping is not analytic through the thickness. 
At each of the boundaries between laminae (at normalized thickness coordinates of ±0. 25 
and zero), there exist discontinuities in the slope (Fig. 1) and curvature (Fig. 2) of the 
displacement function versus thickness. While these breaks appear to be rather minor, 
there are most certainly cases in 'vhich these breaks would be significant - especially in 
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Fig. 1: Normalized warping distribution w3jw3rnax 
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Fig. 3: Normalized strain distribution r33/r33max 
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Also, as is well known, while these breaks in the derivatives of the displacement 
functions may appear minor, when these functions are differentiated to obtain the strain 
variation through the thickness, the breaks then become much more important. The 
strain variations through the thickness for uniform extension and bending cases are given 
in Figs. 3 and 4, respectively. The discontinuites present in both of these results are now 
very apparent and obviously irnportant to take into account. The finite element results 
are exact with quadratic shape :functions and one element per layer. 
Global Deformation Analysis of a Plate 
As far as global deformation analysis is concerned, the kinematics and intrinsic equi-
librium equations were derived for plates undergoing large deflection and rotation but 
with small strain. The theory yields simple expressions for the strain field which agree 
with known results for special cases. It is shown that the rotation about the normal is not 
zero and can be expressed exactly in terms of other displacement and rotational variables. 
Exact intrinsic equilibrium equations, based on a form of the strain energy which follows 
from our modeling development, are derived using transpositional relations. The technical 
details of this work are contained in Hodges et al. (1990), which was sent to the Technical 
Monitor in December 1990. 
Some Remarks on Edge-Zone Energy of a Plate 
A likely criticism of the present work may be that we have labored to extend the anal-
ysis to include shear deformation while ignoring an equally if not more significant physical 
effect - the edge-zone phenomena. The strain energy associated with the edge-zone phe-
nomena can be neglected in classical plate theory (the first approximation). On the other 
hand, taking into account the boundary energy is essential in the higher approximations 
in which the strain energy of a loaded edge depends on the self-equilibrated part of the 
load. Application of theories with corrections due to shear deformation without taking 
into account the boundary energy is somewhat inconsistent. Plates with free edges and 
with rigidly fixed boundaries, for which the boundary energy is found uniquely, are the 
exception. 
We intend to look at the inclusion of edge-zone phenomena later in the project. During 
this reporting period we began to study the approaches in the literature to see which, if 
any, might be compatible with ours. 
Elastodynamics of Beams 
During this period we applied the mixed formulation as described in the last report 
to the forced response of transversely loaded beams. We are still studying the first results 
and are not yet prepared to present them publicly. Suffice it to say that we are encouraged 
by these results toward believing that space-time finite elements may be quite practical 
for such problems. 
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Future Work 
In the next reporting period we intend to: 
1. extend the finite element code to treat shear deformation; 
2. extend the analytical solution to treat shear deformation; 
3. validate the shear stiffness coefficients for a variety of problems with known solutions; 
4. correlate with existing experirnental results and exact (3-D) solutions for laminated 
plates with monoclinic material symmetry in each lamina and subjected to static 
loads; 
5. study the error versus mesh type and density for various linear elastodynamics prob-
lems for beams. 
In the long term we plan to: 
1. develop modeling analysis for the most general nonhomogeneous, anisotropic plates 
where there may be fiber reinforcement through the thickness; 
2. look into the boundary energy of a plate. 
For work beyond the present project we are thinking about the development of fast, 
robust, and accurate computational techniques for the complete plate problem. This would 
include specifically the treatment of plate/beam connections. 
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Introduction 
The purpose of this research is to develop a rigorous theory and corresponding com-
putational algorithms for through-the-thickness analysis of composite plates.* This type 
of analysis is needed in order to find the elastic stiffness constants for a plate and to post-
process the resulting plate solution in order to find the three-dimensional displacement, 
strain, and stress distributions throughout the plate. 
In previous progress reports, a theoretical approach and attendant finite element 
method were described for the through-the-thickness analysis. Also, an analytical expres-
sion for the strain energy of nonhomogeneous, laminated composite plates was obtained 
by application of the variational-asymptotical method. Although these approaches were 
addressed in parallel, only the finite element had been coded. We have shown that the 
first approximation of this analysis method corresponds exactly to the classical laminated 
plate theory, and the second approximation to plate theories which account for shear de-
formation effects. No ad hoc shear correction factor is needed in our analysis. However, 
we did show that ~ is the appropriate factor for homogeneous monoclinic plates in ac-
cordance with our theory. Finally, the geometrically nonlinear (possibly large deflection 
and rotation but with small strain) global deformation analysis of plates was addressed, 
and a paper was prepared based on that work. These ingredients comprise the complete 
boundary value problem for plates. The large deformation work is described in a paper by 
Hodges, Atilgan, and Danielson (1990), submitted last year for publication. 
Summary of Work Done During This Period 
Although we are continuing to develop and .study both of t~e through~the.:.thickness . 
methods, we have focused on ev~J.uating the results of the variatiorial-asymptotical method 
for the laminated plate during this reporting period. We also began to look into the reasons 
why the drilling moment is such a difficult problem in plate analysis. This is really outside 
the scope of the present research grant, and we plan to develop a separate research prograrti 
in this area. 
It should be noted that progress slowed considerably with the departure of Dr. Ali 
Atllgan to become Assistant Professor at Istanbul Technical University. Dr. Atilgan will 
continue to work with us on an informal basis. We h~ve added one student to the project 
team who is getting up to speed with what is being done. We are currently seeking a post 
doctoral fellow to help complete the plate work. 
Publication Activity 
As described above, our approach consists of two separate domains, both of which 
are necessary in order to formulate the nonlinear three-dimensional problem. These are a 
* Secondarily, it originally concerned prediction of the dynamic behavior of beams using 
finite elements in space-time. This secondary aspect of the work is being carried out under 
the primary funding of NSF, and all results obtained from that work will be made available 
to the Aerostructures Directorate. 
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linear normal-line element analysis through the thickness and a nonlinear two-dimensional 
surface analysis. An exact development of intrinsic equilibrium equations was obtained 
in Hodges et al. (1990), and the three-dimensional strain energy in Atllgan and Hodges 
(1991a). 
Large Deformation Analysis This reporting period we received rather critical reviews on 
the manuscript by Hodges et oL (1990). Thus, we continued to analyze the nonlinear 
global deformation analysis to attempt to deal with all the reviewers' criticisms. The main 
criticisms focused on how the moment equilibrium about the normal was described. In the 
revision, no equations needed to be changed; however, the wording has been changed to 
reflect the correct situation. Namely, moment equilibrium is implicitly enforced, but the 
moment equilibrium equation is not available from the energy. For details see the revised 
manuscript, which has now been resubmitted. A copy of the revised manuscript will be 
sent to the technical monitor before the end of July. 
Variational-Asymptotical Analysis This work was described in a paper by Atllgan and 
Hodges (1991a), presented at the SDM this year and submitted for publication at that 
time. After submission, several typographical errors were found in the manuscript. More 
significantly, it was found that a term was inadvertently dropped which would contribute 
to the second approximation. If this term is kept, however, a closed-form approximate 
solution is not possible without introduction of additional variables, making the analysis 
more complicated. We believe that this term is negligible. Thus, validation becomes 
extremely important. If we are able to correlate well with the exact solution with the 
present theory it will. mean that higher-degree expansions of the· displacement or large 
numbers of extra variables in the layer-'-wise theories are really not necessary . . We have 
recently received reviews for this paper. These, however, were rather benign by comparison 
with the above. The paper has now been revised and resubmitted. This revised manuscript, 
At1lgan and Hodges ( 1991 b), will also be sent to the technical monitor before the end of 
July. 
Validation 
The initial form of validation we have chosen for the method is to generate cylindrical 
bending solutions that can be cornpared with the exact solution of Pagano (1969), similar 
to the work of Tessler and Saether (1990) and Cho (1991). In this report, the displacement 
and stress distributions through the thickness of a homogeneous orthotropic plate will be 
compared to the known exact elasticity solution. We are in the process of doing the same 
thing for the laminated case, but there are still errors in the code that preclude us from 
presenting any results for that case. Herein we will describe only the necessary terms for 
cylindrical bending from the general formulations reported previously. Notation follows 
that of our two papers described above .. 
Global Analysis Let's consider an infinitely wide plate of thickness hand length L where 
the x1, x2, X3 axes are aligned to the direction of length, infinite width, and thickness; 
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respectively. Kinematical equations can be reduced from Hodges et al. (1990) for the 
linear case as 
Similarly, equilibrium equations are 
Ell = U1,1 
2E12 = U1,2 + U2,1 
t22 = u2,2 
K.u = a1,1 
2K.12 = a1,2 + a2,1 
K.22 = a2,2 
2!13 = a1 + u3,1 
2!23 = a2 + U3,2 
Nu,1 + N12,2 + !1 = 0 
N12,1 + N22,2 + !2 = 0 
Q1,1 + Q2,2 + !3 = 0 
Mn1 + M12 2- Q1 = 0 
I I 
Finally, the constitutive law frorn Atllgan et al. (1991) can be expressed as 





and f 1 = ! 2 = 0. The loading j3 is assumed to be imposed in the form of an upper surface 
traction. 
Since the plate is infinite in the x2 direction, all derivatives with respect to x 2 are 
zero. Plate boundary conditions for the simply supported case are 
u1(0) = Nu(L) = u3(0) = u3(L) = Mu(O) = M11(L) = 0 (5) 
The triad Bi can be derived by adopting the plate geometry described in Hodges et 
al. (1990) in terms of displacements and rotations with respect to the reference triad hi 
for cylindrical bending case. 
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U2 1 
B1 =h1 + 2b2- a1b3 
U2 1 
B2 =- 2b1 +h2 (6) 
B3 =a1h1 + b3 
Through-the-thickness Analysis The material properties are taken from Pagano (1969) and 
are given as 
Ef. = 25 x 106psi 
Gf.T = 0.5 x 106psi 
Vf.T = VTT = 0.25 
ET = 106 psi 
GTT = 0.2 x 106psi 
where f signifies the direction parallel to the fibers and T the transverse direction. 
After some calculation based on Atligan and Hodges (1991b), the displacement field 
(7) 
can be obtained for a homogeneous monoclinic plate in terms of the global strain measures, 
E, 21, and K, as 
where the superscript of D~, Ei.1 , and Ei2 represents the ith element of the matrices. 
Here the elements of E, K, and 21 can be found from the global deformation analysis. 
Similar expressions for all the strain and stress components can be obtained. 
We evaluated the displacement and corresponding stress and strain distributions for 
a homogeneous orthotropic plate for our second approximation and compared with the 
exact solution of Pagano (1969). The ratio of length to thickness is taken as 4. Since this 
represents a relatively thick plate, the shear stresses play an important role in the behavior 
of the plate. (Note that the solutions converge to the results of the first approximation as 
this value increases. Namely, as the plate becomes thinner, the assumption of the normal 
element remaining straight becomes more reasonable.) For plotting the displacement and 
stress quantities, the following normalized parameters are used 
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In Figs. 1 - 4, we show the exact solution compared with the first approximation 
(classical theory) and our second approximation. The distribution of the longitudinal 
displacement z1 through the thickness at x 1 = 0 is shown in Fig. 1. Notice that this 
curve is very much like results for the corresponding beam problem. Fig. 2 shows the 
stress distribution Z 11 through the thickness at x 1 = ~- This exhibits the continuous 
nonlinear distribution. As mentioned above, if t decreases, this result converges to the 
first approximation. In both cases, the second approximation agrees very well with the 
exact solution. Fig. 3 shows the transverse shear stress distribution Z 13 through the 
thickness at x 1 = 0. Here the transverse shear stress is obtained from both using the 
constitutive equation (CE) and from integration of the equation of equilibrium of elasticity 
(EE). Also shown is the solution of the first approximation of current theory by using 
equilibrium equation. Notice that the first approximation of Z 13 using equilibrium equation 
is essentially identical with the second approximation using the constitutive relationship. 
Also, the second approximation using the equilibrium equations is very close to the exact 
solution. The exact solution distributions are not exactly symmetric with respect to mid-
surface. For interpretation of this characteristic, the distribution of the transverse normal 
stress at x 1 = ~ is plotted in Fig 4. Since no traction exists at the bottom of the plate, 
while loading is applied at the top surface of the plate, the asymmetric behavior can be 
rationalized. 
We have begup. to validate the theory for laminated plates, but there are still some 
errors in. our computer code. This work should be · completed during the next reporting 
. . . 
period. 
Drilling Degrees of Freedom 
Concerning the drilling mornent, it is absolutely essential to recognize that the diffi-
culty of including nodes with actual drilling degrees of freedom in a plate formulation is 
not a mathematical one. That is, one cannot "fix" this problem totally by coming up with 
a clever choice of shape functionE•. Likewise, ~he answer does not lie in going to a mixed 
(versus displacement) formulation. A point drilling moment applied to a plate produces 
an infinite drilling rotation, because the physics embodied in the theory of elasticity do not 
resist couple stresses. Indeed, point moments in a three-dimensional elastic medium also 
result in infinite rotations. 
Nodal moments in a beam theory are resisted in all directions, because the one-
dimensional model has couple stresses implicit in it. These come into the analysis by 
virtue of integration of the stresses over the cross section of the beam. On the other hand, 
plates have couple stresses only through the thickness. Thus, a point moment parallel to 
the plane of the plate will be resisted. A point moment normal to the plate, however, is not 
in a direction that the medium can resist because there are no couple stresses associated 
with that direction. A sandwich plate theory which does resist drilling moments can be 
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found in Reissner (1972), who introduced a normal line element which resists twisting 
moments (about the normal). ·with this type of theory, a point drilling moment would 
result in a finite rotation about the normal, because the physics are appropriate. 
If one stays in the context of the theory of elasticity (without couple stresses in the 
three-dimensional formulation), then a way to deal with connections between beams and 
plates and between plates at oblique angles to each other is needed. These connections 
are not trivial. Such structures :intersect each other over a two-dimensional surface. Take 
a beam of circular cross section perpendicular to a circular plate- having a common axis 
of symmetry. If the beam has a nonzero radius and is subjected to an external twisting 
moment, it, in turn, imparts a :radially varying traction over a circular area to, say, the 
upper surface of the plate. The average rotation of this area of the plate is finite. In 
the limit as the radius of the beam tends toward zero, however, the rotation does become 
infinite. So, the plate must "know" something about the size of the beam in order to 
know how to respond. The bearn, on the other hand, really doesn't care about the plate's 
properties. The same type of conclusion can be drawn if we consider a circular plate with 
a circular hole at the center. Loading the inside of the hole with tractions so as to put a 
drilling moment on the plate centered at the hole, one finds that, as long as the hole has 
a radius greater than zero, the average rotation is finite. 
The upshot of all this is that these connections are tough problems. It may be possible 
within the context of the asymptotical methods we have been working with to give an 
accurate but efficient approximation to these problems. Another student working on this 
would help, but for this another grant would be needed. 
Future work . 
In the near future we intend to: 
1. validate the analytical solution for symmetric, anti-symmetric, and general (asymmet-
ric) laminated plates; 
2. begin work on a modeling analysis for the most general type of nonhomogeneous, 
anisotropic plate 
3. begin work on a finite element analysis for global deformation of plates. 
In the long term we plan to: 
1. look into the boundary energy of plates; 
2. work toward fast, robust, and accurate computational techniques for the complete 
plate problem, including. specifically the treatment of plate/beam connections and 
plate/plate connections at oblique angles. (beyond the scope of the present project) 
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Introduction 
The purpose of this research is to develop a rigorous theory and corresponding com-
putational algorithms for throu~~h-the-thickness analysis of composite plates.* This type 
of analysis is needed in order to find the elastic stiffness constants for a plate and to 
post-process the resulting plate solution in order to find approximate three-dimensional 
displacement, strain, and stress distributions throughout the plate. 
In previous progress reports, a theoretical approach and attendant finite element 
method were described for the through-the-thickness analysis. Also, an analytical expres-
sion for the strain energy of nonhomogeneous, laminated composite plates was obtained 
by application of the variational-asymptotical method. We have shown that the first ap-
proximation of this analysis method corresponds exactly to the classical laminated plate 
theory, while the second approximation can be classified with a host of plate theories which 
account for shear deformation. N·o ad hoc shear correction factor is needed in our analysis; 
the shear stiffnesses are determined from closed-form expressions. However, we did show 
that ~ is the appropriate shear correction factor with our theory for homogeneous plates 
with monoclinic symmetry about their mid-plane. 
Finally, the geometrically nonlinear (possibly large deflection and rotation but with 
small strain) global deformation analysis of plates was addressed. This set of equations, 
along with the through-the-thickness analysis described above, comprise the complete 
boundary value problem for plates. We also looked briefly into the reasons why the drilling 
moment is such a difficult probler:n in plate analysis and its role in beam-plate connectivity. 
(This last item is really outside the scope of the present research program, and we still 
hope to develop a separately funded research program in this area.) 
Summary of 'Work Done During This Period 
Work proceeded at a somewhat lower level during the late Summer and early Fall 
because Mr. Lee was preparing for the Ph.D. qualifying examination, which he passed in 
November. We are still seeking a post doctoral fellow to help complete this work. Unless 
there are unforseen difficulties, we anticipate the arrival of Dr. Sutyrin from Moscow within 
a few weeks. 
Recall that our first publication on the dimensional reduction (via the variational-
asymptotical method) was Atllgan and Hodges (1991), presented at the 1991 SDM meet-
ing and submitted for publication at that time. While the paper was under review by the 
journal, we found that a term had been inadvertently dropped which would contribute to 
the second approximation if the plate possessed a certain type of nonhomogeneity through 
the thickness. Although we believed at first that this "troublesome term" was negligible, 
* Secondarily, it originally concerned prediction of the dynamic behavior of beams using 
finite elements in space-time. This secondary aspect of the work is being carried out under 
the primary funding of NSF, and all results obtained from that work will be made available 
to the Aerostructures Directorate. 
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early validation exercises seemed to indicate otherwise. Thus, our validation activity be-
came very important to us: If we were able to correlate the present theory well with the 
exact solution, it would mean that the usual higher-degree polynomical expansions of the 
displacement and/ or stress in rnany published higher-order theories, or the large numbers 
of extra variables in published layer-wise theories, would really be unnecessary. If not, our 
theory would have to be modified. The kinds of modifications of which we speak involve 
either altering the estimation scheme associated with the variational-asymptotical analy-
sis or developing appropriate mathematical transformations which force the "troublesome 
term" to vanish. The latter entails introducing extra displacement variables, the number 
of which does not depend on the number of layers. 
We are continuing to validate the through-the-thickness methodology described in 
At1lgan and Hodges (1992). We have focused on evaluating some results for laminated 
plates during this reporting period - especially to attempt to quantify its regime of ap-
plicability in terms of ~- Also, we have developed a simplified "neo-classical theory," 
described below, in which the transverse shear deformation appears in the first approxi-
mation and the "troublesome term" in a higher approximation. This should prove to be 
useful in fiber-reinforced composite materials for which the largest shear modulus is small 
relative to the largest extension modulus. Below we summarize the new analysis and the 
validation work to date as well as our publication activity. 
Neo-Classical Analysis 
In the first dimensional reduction strategy, found in Atllgan and Hodges (1992), the 
transverse shear strain measures turn out to be 0( ~e) where£ is the order of the bending 
and extensional strain measures, h is the thickness of the plate, and £ is the wavelength of 
the deformation pattern. For that reason, they do not appear in the first approximation, 
which turns out to be identical to classical laminated plate theory. The transverse shear 
strains show up in the second approximation, and to keep the theory simple it is necessary 
to transform the reference surface so that derivatives of bending and extensional strain 
measures drop out of the strain energy. Unfortunately, this requires one to drop the 
above-mentioned "troublesome term." Thus, the second approximation, while believed to 
be useful, is not asymptotically correct. It should be noted that this theory does not take 
into account the possibility that composites may be soft in shear which would result in 
the transverse shear strain measures being larger than they would be otherwise. Also, the 
theory is somewhat artificial in that boundary layer phenomena are not included although 
they are probably of at least as rnuch importance as ~ corrections. 
Toward remedying this, we discovered through our work with composite beams that 
one can leave the transverse shear strains in the first approximation. This way, the first 
approximation contains more information than is strictly necessary for plates in which all 
the material constants are of the same order. Of course, this does not hurt anything. 
However, it buys us transverse shear deformability in a simpler theory. This could be 
of value when the shear moduli are small relative to the extension moduli, which is not 
uncommon in composites. Also, the boundary layer effects are of a higher order and 
thus need not be considered at this level. Finally, the "troublesome term" is in a higher 
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approximation as well. The new theory should be simpler than the old, but it should be 
almost as accurate. 
Validation Activity 
We have chosen to validate both the original dimensional reduction theory and the 
new neo-classical theory together. Results from both theories will be initially compared 
with exact, closed-form three-d]mensional solutions for cylindrical bending from Pagano 
(1969), similar to the approach of Tessler and Saether (1990) and Cho (1991). 
Cylindrical Bending Problem Let's consider an infinitely wide plate of thickness h and 
length L where the x 1, x2, X3 axes are aligned to the direction of length, infinite width, 
and thickness; respectively. The plate is simply supported at the ends (the x1 extremities) 
and subject to sinusoidal upper surface loading. 
The material properties are taken from Pagano (1969) and are given as 
Et = 25 x 106psi 
Gtr = 0.5 x 106psi 
VtT = VTT = 0.25 
Er = 106psi 
Grr = 0.2 x 106psi 
where f signifies the direction parallel to the fibers and T the transverse direction. The 
displacement, strain, and stress distributions through the thickness of a two-layer cross-
ply laminate plate will be compared to the known exact elasticity solution, as described 
in Pagano (1969). This solution has been programmed in Mathematica so that detailed 
comparisons can be made for all quantities of interest. 
Global Deformation Analysis {Plate Equations) Herein we will describe only the necessary 
terms for cylindrical bending frmn the general formulations reported previously. Notation 
follows that of our two papers described above. Kinematical equations can be reduced 
from Hodges et al. ( 1992) for the linear case as 
€11 = U1 1 l 
2€12 = Ul 12 + U2 1 l 
€22 = U2 12 
Ku = a11 
I 





K22 = a22 I 
2')'13 = a1 + U3
1
l 
2{23 = a2 + U3 12 
Similarly, equilibrium equations are 
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(1) 
Nu,1 + N12,2 + !1 = 0 
N12,1 + N22,2 + !2 = 0 
Q1,1 + Q2,2 + !3 = 0 
Mu,1 + M12,2 - Q1 = 0 
M12,1 + M22,2 - Q2 = 0 
(2) 
Finally, putting theN's in a column matrix called N, and similarly for all the other strain 
and stress resultants in Eqs. (1) and (2), one can write the constitutive laws for both the 
theory of Atilgan and Hodges (1B92) and from the "neo-classical" theory in the same form. 
This can be expressed as 
{%}=[~T ~ ~]{~} (3) 
where A, B, and G are matrices of plate elastic constants obtained from the through-the-
thickness analysis. 
The plate is subject to sinusoidal surface loading of the form 
(4) 
and !1 = !2 = 0. 
Since the plate is infinite in the x2 direction, all derivatives with respect to x2 are 
zero. Plate boundary conditions for the simply supported case are 
u1 (0) = Nu (L) == u3(0) = u3(L) = Mu (0) = Mu(L) = 0 (5) 
The triad Bi can be expressed in terms of displacements and rotations with respect 
to the reference triad hi for cylindrical bending case. This is needed in order to develop 
three-dimensional expressions for the displacements. From specializing the equations of 
Hodges et al. (1992) for the linear case, we obtain 
U2 1 
IJ1 =h1 + 2b2- a1b3 
U2 1 
Ih =- 2b1 + b2 (6) 
I~3 =a1 b1 + b3 
The plate problem is solved by first applying the resulting formulae of the one-
dimensional through-the-thickness analysis to get the properties A, B, D, and G. Next, the 
above plate equations are solved for the given loading and boundary conditions. Finally, 
the resulting values of the two-dirnensional strain measures (t, K, and/') are plugged into 
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the expressions for three-dimensional displacement, strain, and stress, which also result 
from the through-the-thickness analysis. Details of the through-the-thickness analyses are 
documented in Atllgan and Hodges (1992) and Hodges and Lee (1992). 
Application of Through-the- Thickness Analysis During this reporting period we evaluated 
the displacement, strain, and stress distributions for 2-, 3-, and 4-layer cross-ply laminated 
plates using the second approximation of Atllgan and Hodges (1992) and the new neo-
classical theory documented in Hodges and Lee (1992). These results were compared 
with with the exact solution. In our validation work to date we have considered plates 
as thick as with L / h=4. Since this represents a relatively thick plate, the shear stresses 
play an important role in the behavior of the plate. Note that even for laminated plates, 
the solutions converge to the results of the first approximation, classical theory, as L/h 
increases. Namely, as the plate becomes thinner, the assumption of the normal element 
remaining straight and normal to the plate mid-surface becomes more reasonable. These 
results are being incorporated into Hodges and Lee (1992) and are not provided here. 
Publication Activity 
Our work towards deriving equations for the large deformation problem is described 
in a paper by Hodges et al. (1992), now accepted for publication in the Journal of Applied 
Mechanics. Abbreviated forms of this paper will be presented at SDM and SECTAM 
meetings in April this year. A copy of the final version will be transmitted to the technical 
monitor with this report. 
Recall that our first publication on the dimensional reduction (via the variational-
asymptotical method) was Atllgan and Hodges (1991), presented at the 1991 SDM meeting 
and submitted for publication at that time. After submission, it was found that a term 
had been inadvertently dropped which would contribute to the second approximation if 
the plate possessed a certain type of nonhomogeneity through the thickness. In the revised 
version the necessity to drop the "troublesome term" in order to obtain a strain energy 
of the simple form presented is discussed. That paper, Atllgan and Hodges (1992), has 
now been accepted for publication in the International Journal of Solids and Structures. 
A copy of the final version will be sent to the technical monitor by the end of the month. 
As discussed above, a new dimensional reduction, based on a slightly simpler estima-
tion scheme, has now been formulated. Hodges and Lee (1992) contains the details of this 
neo-classical analysis along with validation results for both it and the original theory. The 
final version of this paper will be sent to the technical monitor in early February. 
Future work 
In the balance of the grant we intend to: 
1. continue validation of the analytical solution for symmetric, anti-symmetric, and gen-
eral (asymmetric) laminated plates; 
2. develop a modeling analysis for layered generally anisotropic plates; 
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3. and either develop or obtain a finite element analysis for global deformation of plates. 
In the long term, and under a new project, we still tentatively plan to: 
1. look into the boundary energy of plates; 
2. work toward fast, robust, and accurate computational techniques for the complete 
plate problem, including specifically the treatment of plate/beam connections and 
plate/plate connections at oblique angles; 
3. and extend the dimensional reduction scheme to apply to laminated shells. 
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Summary of Progress Prior to This Period 
The main purpose of this research has been to develop a rigorous theory and corresponding 
computational algorithms for through-the-thickness analysis of composite plates. This type of 
analysis is needed in order to find the elastic stiffness constants for a plate and to post-processthe 
resulting plate solution in order to find approximate three-dimensional displacement, strain, and 
stress distributions throughout the piate. 
We have settled on the variational-asymptotical method (VAM) 1 as a suitable framework in 
which to solve these types of problen1S. The VAM was applied to laminated plates with constant 
thickness in the work of AtJlgan and Hodges2 • The corresponding geometrically nonlinear global 
deformation analysis of plates was developed by Hodges, At1lgan, and Danielson3 • A different 
application of VAM, along with nmnerical results, was obtained by Hodges, Lee, and Atilgan4 • 
(Copies of these papers have been delivered to Mr. Hinnant.) 
In Ref. 2, the "first approximation" is exactly the same as classical laminated plate theory. 
The "second approximation" takes transverse shear deformation into account and is developed only 
for plates with certain restrictions in their construction. To remove the restrictions one must "kill" 
certain interaction terms in the strain energy, and the means for doing so for general laminated 
plates were not given in that paper. 
In Ref. 3, a set of kinematical and intrinsic equilibrium equations are derived for large deflec-
tion and rotation but with small strain. The relationship between the drilling rotation and the 
other kinematical variables gives new insight into the drilling moment and its role in beam-plate 
connectivity. This work has shown that drilling type rotation is not an independent degree of 
freedom in plate theory. An applied drilling moment at a point on a plate is not resisted at all by 
the plate. Such a moment, in order to have any physical resistance from the plate, must be applied 
over a finite area. Other than this, a point drilling moment can only be resisted by a plate if the 
plate model is derived from couple-stress elasticity5 . 
The development in Ref. 4 includ,~s transverse shear in the "first approximation" and is stopped 
there. Results from this theory were compared, for the cylindrical bending case, with results from 
the exact solution of Pagano6 for cross-ply laminated plates. The resulting theory, termed a "neo-
classical" theory, is at least as good as classical theory in every case and for some cases superior to 
it. Further work was judged to be needed in order to correlate with shear-coupled laminates, also 
treated by Pagano7 . 
Summary of ·work Done During This Period 
Work during this reporting period has continued along two lines: (1) We have continued to 
evaluate the neo-classical plate theory (NCPT) for the shear-coupled laminates and (2) we began 
to explore, with permission from the technical monitor, what kinds of considerations would be 
involved to model plates with nonuniform thickness, which has led to considerable progress toward 
development of higher approximations of our constant thickness plate models. 
Evaluation of NCPT for Shear-Coupled Laminates 
Upon finishing the validation of NCPT for bidirectional plates, we continued to evaluate the 
response of plates with arbitrary stacking sequences. This is a rather challenging problem. Since 
the fiber orientations are not parallel to the axis of each laminate, the influence of shear-coupling 
becomes more evident for this type of laminated plates. When the fiber orientation coincides 
with the principal elastic axes of each laminate no shear-coupling terms exists. For validating the 
2 
theory, example cases are chosen fro:m Pagano7 , in which the exact, closed-form three-dimensional 
solutions are available. The results shows that the new theory (NCPT) is more accurate than 
classical laminated plate theory (CPT) when thickness of plate increases. Since NCPT has more 
kinematical variables than CPT, we expect it to be more accurate for thick plates. 
After summarizing the through-the-thickness analysis, we will present the governing equa-
tions for the global plate analysis wnth arbitarary stacking sequences. Finally, we will present the 
solutions. 
Three-Dimensional Description Consider a plate of constant thickness h composed of layers, each of 
which is homogeneous and possesses 1nonoclinic material symmetry about its mid-plane; a schematic 
of the plate mid-surface is shown in Fig. 1. Let us introduce Cartesian coordinates Xi so that Xa 
denotes lengths along orthogonal straight lines in the mid-surface of the undeformed plate, and 
x 3 = h( is the distance of an arbitrary point to the mid-surface in the undeformed plate, where 
-~ ~ ( ~ ~- Throughout the analysis, Greek indices assume values 1 or 2; Latin indices asswne 
values 1, 2, and 3; and repeated indices are summed o·~er their ranges. 
Now, letting bi denote an orthogonal reference triad along the undeformed plate coordinate 
lines, one can express the position vector from a fixed point 0 to an arbitrary point as 
(1) 
The position vector to the mid-surface is also the average position of points along the normal line, 
at a particular value of x 1 and x2 , so that 
~ 
r = 121 rd( = (r) 
-~ 
(2) 
The angle brackets () are used throughout the paper to denote the integral through the thickness. 
Now, in accordance with Ref. 3 the position vector of any point in the deformed plate is 
where R is defined as 
R(x1,x:2,() =R(x1,x2) + h(B3(x1,x2) 
+ hwi(XI, X2, ()Bi(XI, X2) 
R(x1,x2) = (R(x1,x2,()) 
= r(xh x2) + u(xi, x2) 
(3) 
(4) 
and where u is the plate displacement vector, defined as the position vector from a point on the 
undeformed plate mid-surface to the corresponding point on the average surface of the deformed 
plate. The Bi triad is defined so that 
B 1 · R,2 = B2 · R,t (5) 
and B3 = B 1 x B2 is parallel to ((R). These definitions give rise to the same kinematical constraints 
on the warping as suggested by Hodges et al. 3 
(6) 
3 
We now turn to the strain field, details of which can be found in Ref. 2. First we arrange the 
six strain components into a matrix form so that 
(7) 
where r e includes the extensional and in-plane shearing strains, and r If and r t contains the trans-
verse shear and transverse normal strains, respectively. Thus, 
I'e = l r ll 2r 12 r 22 j T 
2r s = l2r 13 2r 23 J r 
rt =r33 
Next, for notational convenience, we introduce the matrix operators 
8~,] 
ox~ 
and generalized strain measures in matrix form given by 
IE= lEu 2E12 E22 j 
T 
K = lKu 2K12 K22JT 




where Eu and E22 are the plate extensional strain measures, 2E12 is the plate in-plane shear strain 
measure, 2/o:3 are the plate transverse shear strain measures, K11 and K22 are the plate bending 
measures, and 2KI2 = K12 + K21 is the plate twisting measure. All these measures are functions 
only of x1 and x2 , and their explicit f.orms for large deformation are given in Ref. 3. 
Denoting the in-plane warping by 
one can now write the Jaumann strain components following Ref. 3 as 
re = E + (Kh + Bewll 
2rs = wj
1 
+ 21 + 8tw3 
rt = w~ 
where ( )' denotes the derivative with respect to (. 
A similar procedure can be followed for the conjugate stresses so that 







where Ze contains the extensional and in-plane shear stresses while Zs and Zt have the transverse 
shear and transverse normal stresses. The stress components may then be written in a matrix form 
as 
(14) 
In light of this, the three-dimensional constitutive law can be expressed as 
Det] { fe } Dst 2fs 
Dt ft 
(15) 
where De, Des, Det, D8 , Dst, and Dt are 3 x 3, 3 X 2, 3 X 1, 2 X 2, 2 X 1, and 1 x 1 matrices, 
respectively. Here, this law is written for directions parallel to plate coordinate axes, which are 
not in general along the material axis. Therefore, the material constants, D's, are the transformed 
values from material axis to the plate axis. 
The plate strain energy per unit area can then be written as 
(16) 
Following Ref. 2, we decompose the strain energy into two positive definite, quadratic forms. Here 
we define the extensional strain energy J11, and the transverse strain energy J .1.. (containing contri-
butions from both transverse normal and shear strains) as 
Ju =min J 
r .. ,rt (17) 
J.l.. = J- Ju 
When the material fiber direction is oriented parallel to the plane of the plate, such that each 
lamina exhibits a monoclinic symmetry, Des and Dst will vanish. In this case the extensional and 
transverse energies can be written in terms of the three-dimensional material properties in the 
following simple form 
2Ju = (r; Dur e) 




This completes the three-dimensional description of the displacement, strain, and stress fields. 
These three-dimensional fields are not really suitable for plate analysis because of the three-
dimensional warping variables wi· VVe now turn to elimination of the warping by dimensional 
reduction. 
Dimensional Reduction In the following sections, we will apply the variational-asymptotical method 
of Ref. 1 for nonhomogeneous, laminated plates in pursuit of a first approximation of the plate strain 
energy. Before doing so, however, it is appropriate to discuss the estimation procedure. First, we 
introduce upper bounds on the in-plane, bending, and transverse shear strain measures Ee, Eb, and 
£ 8 , respectively, such that 
h 
-../KT K < Eb 2 - (20) 
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For the first approximation we need only to keep terms in the strain field that are of the order of 
c where 
(21) 
This implies that we will have strain energy density of the order Jl£2 where J-L is of the order of the 
elastic moduli. 
In order to take advantage of the physical aspects of plate deformation, we introduce another 
small parameter h/ £, where £ is the smallest constant for which all of the following hold for all 
possible combinations of a and f3 
r::;:-:- < c e v t~a.t,{J - £ hv Cb - KT K ~ <-2 ,a. t/J - £ 
One may think of £ as the wavelength of the deformation pattern. 
(22) 
Rather than write out complete expressions for the strain field, we will only write the terms 
needed for the first approximation. By consideration of the above set of estimation parameters, the 
strain expression can be approximated as 
re=E+(Kh 
2rs = 2f'+wf1 
rt = w~ 
(23) 
Thus, the warping is not present in extensional energy, and the only part of the strain energy 
remaining to be minimized is the transverse energy 
2Jl_ = ( Dt [w~ + D1_ (E + (Kh)] 2) 
+ ( (2/ + wj1)T Ds(2f' + wfl)) 
(24) 
The variational-asymptotical method calls for the minimization of this strain energy expression 
with respect to the warping, with the constraints given in Eq. (6), resulting in 
in which 12 is the 2x2 identity matrix and 
D~u = -D1_ D~2 = -(D1_ 
H' - D -I H' - (
2 
D -l 





These expressions for the warping are determined uniquely by imposing the continuity of D l_a. and 
H sa. between the layers together with constraints Eq. ( 6) so that 
(D l_a.) = (Hsa.) = 0 (27) 
6 
for out-of-plane and in-plane warping, respectively. These constraints guarantee that warping 
functions are continuous. However, strain and stress, which are functions of the derivatives of the 
warping, may or may not be continuous. 
The strain energy per unit area of the plate is obtained by substituting the warping from 
Eq. (25) into the strain energy, yielding 
(28) 
where 
A= h(Du) B = h2 ((Du) 




Note that D 11 corresponds to Q, the well known transformed reduced stiffness matrix from classical 
laminated plate theory8 . It is possible to define the force, moment and transverse shear stress 
resultants N, M, and Q respectively, as 
(
aJ)r 
IV = h(Ze) = BE 
M = h2 ((Ze) = (!~) T (31) 
[ 
aJ ]r 
Q = h(Zs) = a (2!) 
Then, based on the strain energy, the plate constitutive law can be expressed as 
(32) 
Note that transverse normal stress is zero in this theory, and thus, we should not expect the 
transverse normal strain to be very accurate from Eqs. (12) unless we extend the theory to higher 
approximations. Similarly, we do not expect the transverse shear stress and strain to be very 
accurate with the present theory, since some important contributions to its detailed variation are 
associated with h/ f corrections to the energy1 • These quantities can be obtained from integrating 
the three-dimensional equilibrium equations through the thickness to get the transverse shear and 
normal stresses and applying the three-dimensional constitutive law to get the transverse shear and 
normal strains. 
This concludes the dimensional reduction. The global deformation equations3 , along with 
these plate constitutive equations, con1prise what we term the neo-classical theory. (Note that the 
displacement shift mentioned in Refs. 2 and 3 is not necessary with this theory, and thus 21• = 21.) 
With the warping known in terms of 1E, K, and 2/, which in turn are known through solution of 
the global deformation problem, it is now possible to evaluate three-dimensional approximations of 
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displacement, strain, and stress fields. For the purpose of validating the stiffness model and field 
relations, however, only a specialized version of the global deformation analysis is undertaken here. 
Linear Plate Equations The global deformation equations that correspond to the above strain 
energy function were developed in Ref. 3. Since f, K, and 21 are nonlinear functions of the 
displacement and rotation variables, this theory is applicable to large deformation of plates, and 
these can now be obtained by solving a specific problem. Here, rather than repeat the entire 
formulation, we will specialize it for linear, cylindrical bending problems, which we will use below 
for validation of the dimensional reduction scheme of the previous section. 
Kinematical equations from Ref. 3 for the linear case are given as 
where Ui = u ·hi and Ba = B3 · ba. 
fu = u1,1 
2fi2 = ui,2 + u2,I 
E22 = U2,2 
Ku = BI,I 
2K12 = ei,2 + e2,I 
K22 = 82,2 
2113 = ei + u3,I 
2123 = e2 + u3,2 
Similarly, equilibrium equations are 
Nu,I + N12,2 + fi = 0 
N12,1 + N22,2 + !2 = 0 
Ql,l + Q2,2 + !3 = 0 
A1u,I + MI2,2 - QI = 0 
M12,1 + M22,2 -· Q2 = 0 
where fi are the applied loads per unit area of the plate. 
(33) 
(34) 
Cylindrical Bending Analysis Consider a plate of length L along XI and infinite width in the x 2 
direction shown in Fig. 2. All derivat ives with respect to x 2 are zero which causes many of the 
variables in the above equilibrium, constitutive, and kinematical equations to drop out. 
In the case of cylindrical bending, the plate is subject to sinusoidal surface loading of the form 
(35) 
where p = r and fa = 0. For the three-dimensional analysis, we assume the loading f 3 to be 
imposed in the form of an upper surface traction. 
We consider a simply supported plate, the boundary conditions of which are 
Ua,l (0) = Ua,I (L) = 0 (36) 
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The governing system of equations can be put into a matrix form by defining generalized coordi-




f=lO 0 0 0 -f3JT (40) 
Eqs. (33) can be written as 
c=Vq ( 41) 
where 
a 0 0 0 0 a 0 0 0 0 0 0 0 0 0 
0 a 0 0 0 0 a 0 0 0 0 0 0 0 0 
V= 
0 0 a 0 0 0 0 a 0 0 0 0 0 0 0 =a· +k (42) 
0 0 0 a 0 0 0 0 a 0 + 0 0 0 0 0 
0 0 1 0 a 0 0 0 0 a 0 0 1 0 0 
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 




a o o o o o l o a o o o o 
E = o o a o -1 o 
o o o a o -1 
o o 1 o a o 
(44) 




A* B* OJ 
.K* = B* D* 0 
0 0 G 
(46) 
Here the starred matrices are 2 x 2 sub-matrices consisting of the first 2 rows and columns of the 
corresponding matrices in Eqs. (32), resulting inK* being a 6 x 6 matrix. So the given problem 
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yields 17 equations in terms of 17 unknowns. Combining Eqs. (41), (43), and (45), the equilibrium 
equations can be written as 
(47) 
which can be put into the form 
Mrc Q,ll + Cc Q,l - Kc q = J (48) 
where 
[ Aj, Ai:z Bi1 Bi2 ~ l [A' Ah A22 Bi2 B22 B* G~J Me= Bi1 Bi2 Di1 Di2 0 = B* D* Bi2 B22 Dh D22 0 0 0 
0 0 0 0 Gu 
(49) 
Cc = [! 
0 0 0 
Jll] 0 0 0 0 0 0 (50) 
0 0 0 -G12 
0 Gu G12 0 
Kc = [! 
0 0 0 
!l 
0 0 0 
[~ 
0 
~] 0 Gu G12 G (51) 0 G12 G22 0 
0 0 0 
The above equation can be solved directly with associated boundary conditions. But let us take 
advantage of the sparcity of matrices in the equation. We can break down this equation as follows 
A* u,u + B* O,u = 0 (52) 
B* U,u + D* e,ll- l Gu G12 JT UJ,l - G e = 0 (53) 
(54) 
when u and e are arranged as 
(55) 
Since f 3 is a simple sinusoidal function given in Eq. (35), e can be uncoupled by putting Eqs. (52) 
and (54) into Eq. (53) yielding 
where 
K* = [0 
c 0 0 ] G 2 ~-G22 Gu 
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(56) 
r• = ll Qu JT 
Jc Gu 
Since M; is symmetric, positive definite and K; symmetric, Eq. (56) can be decoupled as is. Note 
that when plate is symmetrically layered up B* matrix vanishes, resulting M; = D*. 
Now, introducing the coordinate transformation 
B=¢y 
where¢ is a eigenvector matrix, we diagonalize Eq. (56) which gives 
Po 





By solving above decoupled equations for y, we can recover original solution ()using Eq. (57). It 
is easy to shown that all integration constants produced in the calculation vanish for cylindrical 
bending. In other words, we need only to obtain particular solution for Eq. (56) or Eq. (58). Note 
that since effects of boundary layer belong to higher order for this type of first approximation, we 
can neglect a homogeneneous solution in the first place. 
After some calculation, () can be found. Also u3 and u are determined by putting () into 
Eqs. (52) and Eqs. (54). Rotations, in-plane displacements, and out-of-paine displacement are 
obtained as follows 
() = ¢ [ Kd- p2 Md] -
1 
/d Po cos (px1) 
p 
u = -A* -t B* [ K d - p2 Md] - 1 f d Po cos (px 1) 
p 
U3 = G~ 1 ( 1- l Gu G12 J ¢ [Kd- p2 Mdr
1 




To recover three-dimensional fields, one can substitute values obtained for E, K, and 21 by 
taking derivatives of above expressions into Eqs. (25), (23), and (15), to get warping, strain, and 
stress, respectively. Note that all the strain measures can be calculated to order c by using Eq. (23); 
however, r e can be determined to order hcjf by use of Eq. (12). To avoid inconsistency, one should 
use Eq. (23) for all strain components when calculating the stress components. However, NCPT 
is more accurate than CPT since it picked up the general strain measures which do not appear in 
CPT. In other words, the extra strain measures reflect the effects of transverse shear deformatiom, 
resulting in a better solution. 
For the purpose of comparing the displacement field with that of linear, three-dimensional 
elasticity, we need to determine the hi measure numbers of the displacement field 
zi = hi . ( ft - z.) 
With the warping known from Eqs. (25) in terms of E, K, and 21, and the triad Bi given as 
u2 1 
B1 = h1 + 2h2- B1h3 
U2 1 
B2 = - -' h1 + h2 - 82 h3 
2 




The functions Zi can now be expressed in terms of global deformation variables. The result is that 
ZI = UI + h(fh + hWI 
Z2 = U2 - h((}2 + hw2 
Z3 = U3 +hw3 
where ui, Ba are obtainable in Eqs. (60), (61), and (62), and Wi in Eq. (25). 
(65) 
Results The intent of this section is to compare results from the exact solution with results from 
the present theory. The exact three-d:imensional elasticity solution for cylindrical bending of angle 
ply laminated plates was obtained by Pagano7 , and the results presented herein labelled as "exact" 
generated from his equations. The material properties are7 
EL = 25 x 106psi 
G LT = 0.5 x 106psi 
lJLT = lJTT = 0.25 
Er = 106psi 
Grr = 0.2 x 106psi (66) 
where L signifies the direction parallel to the fibers and T the transverse direction. We evaluated 
all quantities obtainable from the neo--classical theory for this problem and compared those results 
with the exact solution for various values of Llh. We have chosen to present most of our results 
for Llh values of 10 and 4, which represent relativatively thin and thick plates, respectively. 
For plotting the displacement, strain, and stress distributions the following normalized param-






The through-the-thickness distributions of in-plane displacement, transverse shear stress and 
strain are evaluated at XI = 0; while the distributions of out-of-plane displacement, in-plane stress 
and strain, transverse normal stress and strain are evaluated at x 1 = Ll2. In all the results below, 
solid lines represent the exact solution, while dashed lines represent the present neo-classical plate 
theory (NCPT) results. Results from classical laminated plate theory (CPT), when distinct from 
NCPT results, are shown with long and short dashes. 
The distributions of normalized displacements, strains, and stresses are obtained for the fol-
lowing three plates, in which each layer has the same thickness: 
[15°] 
[15° 1- 15°] 
[30° I - 30°]syrn 
Results for these plates are presented in Figs. 3 - 19. Figs. 3- 5 show the transverse displacement 
for these three configurations, respectively. Note the very close agreement between NCPT and the 
exact solution. NCPT is just slightly ;more flexible than the exact solution; it provides significant 
improvement over CPT as Llh becomes small, until Llh of approximately 10. 
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Figs. 6 and 7 show normalized out-of-plane displacement (z3), in-plane displacement (z1), in-
plane strain (r 11 ) and shear strain (2r12) for [15°] plate from top to bottom in the figures; Figs. 10 
and 11 show the same quantities for [15° I - 15°] plate. Figs. 8 and 9 show normalized in-plane 
stress (Z11 ), transverse shear stress (Z13 ) and strain (2r13 ), transverse normal strain (r33) for [15°] 
plate; Figs. 12 and 13 show the same quantities for [15° I - 15°] plate. 
Figs. 14 - 19 show the results for [30° I - 30°Jsym plate. Figs. 14 and 15 show normalized 
out-of-plane displacement (z3), in-plane displacements (z1, z2), in-plane strain (r11 ). Figs. 16 and 
17 show normalized in-plane shear strain (2r12), in-plane stress (Z11 ) and shear stress (Z12), and 
transverse shear stress (Z13). Figs. 18 and 19 show normalized transverse shear stress (Z23 ) and 
strain (2r23), transverse normal stress (Z33) and strain (r33). 
Transverse in-plane stresses (Z22 ) are not shown since these have the same pattern as the cor-
responding in-plane stresses (Z11 ). Note that transverse shear stresses in the figures are obtained 
from integrating the equilibrium equations of elasticity. Also note that transverse in-plane dis-
placement (z2), in-plane shear strain and stress (2r12 , Z12) and transverse shear strain and stress 
(2r23 , Z23) will differ from those of Pagano7 . This sterns from the different sign convention used 
for plotting in this work, resulting in the same magnitude but with opposite sign. Some of these 
quantities are also reported in grapilleal form in Ref. 9. 
The in-plane displacements and strains from NCPT shown in Figs. 6, 7, 10, 11, 14 and 15 are 
much closer to the exact solution than those from CPT. One reason the in-plane strain and shear 
strain are so accurate is that re is calculated to O(h£1f) using Eq. (12). The in-plane stress and 
shear stress are essentially identical to that of CPT shown in Figs. 8, 9, 12, and 13 for the 1- and 
2-layer cases. On the other hand, NCPT is better than CPT shown in Figs. 16 and 17 for the 
4-layer case. This is because that NCPT has more kinematical varivables than CPT. Even though 
the difference is invisible for 1- and 2-layer cases, twisting curvature, which is a one of generalized 
strain measures used in NCPT, plays an important role for this specific example. 
It is interesting to note that in Fig. 19, transverse shear stress (Z23 ) from NCPT has sign 
changes around at the middle surface, while results from the exact solution are positive. Based 
on results obtained to date, we believe that an extension of the theory of Ref. 3 to a higher 
approximation still needs to be developed in order to improve the correlation of this and other 
three-dimensional field variables with the exact solution. However, interaction terms are present 
in the energy when a higher approxirnation is attempted, similar to those of Ref. 2; these must 
be killed, but the means for doing so were unknown until recently. This means was discovered in 
conjunction with the analysis of nonuniform thickness plates. 
Higher Approximations and Plates with Nonuniform Thickness 
During the last two months, we have been attempting to extend our methodology to deal with 
plates, the thickness of which varies spatially over the plate domain so that h = h(x1,x2 ). In the 
process of doing tills for isotropic plates, an additional degree of freedom for the normal line element 
was introduced on physical grounds, within the context of VAM. This degree of freedom involves 
the contraction of the normal line eleroent. Although the contraction was not zero in the original 
theories, it was a "reactive" quantity. That is, it does not appear in the strain energy function 
explicitly, and it can be calculated in terms of other degrees of freedom of the normal line element. 
When the thickness is allowed to vary spatially over the plate, this degree of freedom appears 
explicitly in the reduced, two-dimensional strain energy function and must be regarded as an 
independent quantity. Tills new degree of freedom improved the correlation with three-dimensional 
results relative to classical theory, but the accuracy was still judged inadequate. Indeed, it was not 
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possible to show that the additional warping was of a higher order than this degree of freedom. 
Moreover, the motivation for introducing this degree of freedom was not at all systematic. 
Dr. Sutyrin then discovered a powerful principle for identifying valid degrees of freedom in the 
dimensional reduction process. (This principle applies for development of beam, plate, and shell 
theories.) There exists an eigenvalue problem, the eigenvectors of which are the valid degrees of 
freedom for the structural member. They are valid in the sense that (1) they satisfy the appropriate 
interfacial conditions; (2) they guarantee that the above-mentioned interaction terms vanish; (3) 
they guarantee that any additional warping is of a higher order. They are not simple polynomials, 
in general. The degrees of freedom in classical theory, it turns out, are the eigenvectors associated 
with the zero eigenvalues for this eigenproblem. Sutyrin's eigen-principle should allow us to extend 
the earlier laminated plate th~ries to higher approximations in a rational manner. 
If plates of constant thickness must be joined to plates of varying thickness, then both models 
must contain the same degrees of freedom. This means that the constant thickness model must 
be taken to a higher-order approximation so as to bring the same, or at least analogous degrees of 
freedom into the strain energies of both plates. The mathematics associated with tills operation are 
quite difficult, involving functional analysis as well as the construction of non-trivial transformations 
to rid the strain energy of unneeded degrees of freedom. Unanswered questions also remain con-
cerning the role of edge-zone behavior and penetration of the influence of self-equilibrated tractions 
on the plate edges. 
To illustrate this, let us write the Jaumann strain components as 
re = E+(Kh+8ewll 
2fs = wfl + 8tW3 
ft = w; 
(68) 
The resulting warping will be different from the result of Eqs. (25), because 21 has been set to 
equal to zero and its effect absorbed into w. It turns out that the warping variable can be written 
as 
wi(x1,x2,() = Lqk(xi,X2)7/Jik(() +vi(x1,x2,() 
k 
(69) 
where vi represents additional warping and Qi the degrees of freedom associated with the 'ljJ functions. 
The 7/J's can be identified by means of the VAM procedure and Sutyrin's eigen-principle. The 
resulting two-dimensional strain energy function will contain the q functions and their derivatives. 
The process of identifying these "degrees of freedom" for the plate, as presented in the literature, 
is not straightforward. We have made some important progress recently in this identification 
procedure. 
We consider a homogeneous, isotropic plate with thickness depending on only one in-plane 
coordinate and undergoing a stretching load; see Fig. 20. In order to solve this problem we have 
to introduce new degrees of freedom. It is clear that the average bending of the plate and rotating 
of normal line element are equal to zero here. Nevertheless there is a non-trivial deformation of 
normal line elements, which can be observed in the elasticity solution (which we approximated by 
a finite element solution). This deformation is shown schematically in Fig. 21. There is no known 
systematic way to introduce such deformations into classical theory or into Reissner's theory, which 
takes into account only the transverse shear deformation. 
In order to introduce some new degrees of freedom in our analysis, we take the warping to be 
of the form of Eq. (69) where 'ljJ is the shape function of a degree of freedom and q is the new degree 
14 
of freedom itself. The VAM procedure points to the best choice of the shape function 1/J as an 
eigenvector of a natural eigenvalue problem for normal line element (a one-dimensional problem). 
For example, the two degrees of freedom corresponding to the smallest nonzero eigenvalues 




for the homogeneous isotropic case. The degree of freedom g1 (g for short) is responsible for in-
plane deformation such as shown in Fig. 21, while the degree of freedom e describes contraction of 
the normal line element. The variable v models any additional warping, which is of a higher order 
and may be ignored in this example. 
Fig. 22 shows comparison betwe€n g and e obtained from a 3-D solution (dashed line) and g 
and e from our new theory (solid line). 
This approach has a natural generalization for dynamics problems. The above eigenvalues 
become eigenfrequencies in that context. Also, it is not difficult to obtain a suitable dynamical 
equation for each degree of freedom. In general, one would need to apply the theory to a wide class 
of problems and loading conditions in order to understand the appropriate number of degrees of 
freedom to be retained. 
We expect to develop the dimensional reduction with the extensive use of computerized sym-
bolic manipulation and the expertise of Dr. Sutyrin. As a fallback position, should a symbolic 
dimensional reduction not be possible, we can solve the minimization problems via one-dimensional 
finite elements (through-the-thickness). Both means are quite efficient for laminated plate prob-
lems. The through-the-thickness analysis is only done once for a given lay-up. The results for 
the elastic constants are used as input to the plate (two-dimensional) analysis, and the influence 
functions are used to recover approximations for the three-dimensional field variables once the 
two-dimensional problem is solved. 
Future Work 
In the balance of the grant we intend to apply Sutyrin's eigen-principle to develop a refined 
theory for laminated plates of constant thickness. If there is time we will make this theory capa-
ble of modeling the most general type of nonhomogeneous, anisotropic plate, subject only to the 
restrictions that the strain is small ruJ.d that neither geometry nor properties vary with x 1 and x2 . 
Development of an interior global deformation analysis for constant thickness anisotropic plates 
would then be possible, but it appears that this should be addressed only after the degrees of free-
dom for a general analysis are identi tied. This means that the boundary energy and nonuniform 
thickness problems should be addressed first. We are seeking to obtain funding from NASA to 
carry this out. 
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Fig. 1: Schematic of plate deformation 
Fig. 2: Configuration of Cylindrical Bending of Plate 
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Fig. 7: Distributions of Normalized Quantities for 
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Summary of Work Done Under Grant Sponsorship 
The main purpose of this research has been to develop a rigorous theory and corre-
sponding computational algorithms for through-the-thickness analysis of C)mposite plates. 
This type of analysis is needed in order to find the elastic stiffness constants for a plate and 
to post-process the resulting plate solution in order to find approximate three-dimensional 
displacement, strain, and stress distributions throughout the plate. This also requires the 
development of finite deformation plate equations which are compatible with the through-
the-thickness analyses. 
After about one year's work, we settled on the variational-asymptotical method 1 
(VAM) as a suitable framework in which to solve these types of problems. YAM was 
applied to laminated plates with constant thickness in the work of Atllgan and Hodges2 • 
The corresponding geometrically nonlinear global deformation analysis of plates was de-
veloped by Hodges, Ablgan, and Danielson3 • A different application of V AM, along with 
numerical results, was obtained by Hodges, Lee, and Atligan4 . An expanded version of 
this last paper> has been submitted for publication in the AIAA JournaL (Copies of these 
papers have been delivered to :M:r. Hinnant.} One last paper was just completed6 and a 
copy is included as an appendix to this report. Summaries of the progress in the various 
categories we worked on follow. Technical details are in the papers. 
Work on Finite Deformation of Plates 
In Ref. 3, a set of kinematical and intrinsic equilibrium equations are derived for large 
deflection and rotation but with small strain. This work showed that the drilling type 
rotation is not an independent variable in plate theory. H it is to be included in plate 
equations at all, there must be a constraint enforced between it and its definition in terms 
of other plate variables. Unless this constraint is enforced, the theory including the rotation 
as a separate variable is not vaLid. The main contribution of this paper is a complete set 
of geometrically exact strain-displacement relations for large deformation of plates. 
Also, the· relationship between the drilling rotation and the other kinematical variables 
gives new insight into the drilling moment and its role in beam-plate connectivity. An 
applied drilling moment at a point on a plate is not resisted at all by the plate. Such a 
moment, in order to have any physical resistance from the plate, must be applied over a 
finite area. Other than this, a point drilling moment can only be resisted by a plate if 
the plate model is derived from couple-stress elasticity7 . FUrther study on this problem 
was shelved, because of the need to interpret the drilling rotational degrees of freedom in 
certain plate and shell finite element formulations. There is an apparent conflict between 
the theoretical result of a plate having zero stiffness in response to a point drilling moment 
on one hand, and the finite element results found in the literature for the response of 
plates to point drilling moments. The papers in which these results appear are of several 
researchers, some of whom are highly regarded by the international community and by 
the principal investigator. A dialog has been initiated on this subject with some of these 
people, but to date we have no resolution to this question. 
2 
Work on Modeling Laminated Plates 
By modeling here we mean the calculation of elastic constants for a two-dimensional 
model based on known material constants for the three-dimensional body. This can only 
be done approximately, of course, and asymptotical methods are natural. In Ref. 2, the 
"first approximation" is exactly the same as classical laminated plate theory. The "sec-
ond approximation" takes transverse shear deformation into account and is asymptotically 
correct only for plates with certain restrictions in their construction. To remove there-
strictions one must "kill= certain interaction terms in the strain energy, but the means for 
doing so for general laminated plates were not given in that paper. Indeed, the means for 
doing this were unknown to us at that time. 
The development in Refs. 4 and 5 includes transverse shear in the "first approxima-
tion" and is stopped there~ lli~ults from this theory were compared, for the cylindrical 
bending case, with resuhs from the exact solution of Pagano for both cross-ply8 and shear-
coupled9 laminated plates.. The resulting theory, termed a "neo-classical" theory (NCPT), 
is at least as good as clasgcal plate theory (CPT) in every case; for most cases N CPT 
is superior to CPT. For example, NCPT does a much better job on calculation of plate 
(two-dimensional) displaremeuG than CPT. Also, many three-dimensional quantities are 
calculated much more accurately than could be achieved with CPT. Results for several 
different types of plates may hE! found in Ref. 5. 
As pointed out in Ref. 5, there is a need to develop higher approximations in order to 
(1) improve the overal performance of the theory for applications to thick plates and (2) 
improve the accuracy of predicted transverse strains and stresses, especially in situations 
when integration of the three-dimensional equilibrium equations cannot be accomplished, 
such as in the geometrically nonlinear case. 
Work on a Higher Approximation for NCPT 
In order to impro,.-e the asymptotical accuracy of N CPT one needs to introduce "de-
grees of freedom" of the normal line element which will eliminate or "kill" interaction 
terms of the type identified in Ref. 2. In our work during the last reporting period we 
applied Sutyrin's eigen-principl,e (described in the last report) to develop a refined theory 
for laminated plates of constant thickness. This theory includes CPT as a special case 
and even in its most elementary extension should surpass NCPT in predictive capability. 
FUrthermore, because it is based on a variable number of "degrees of freedom" for the 
normal line element, it should allow users of future finite elements based on this theory to 
decide which of these degrees of freedom they want in their models. In principle, one can 
approach the accuracy of three-dimensional elasticity to any degree desired. The theory is 
completed as far as the derivation of the stiffness model based on eigenfunctions associated 
with a certain Sturm-Liomrille operator. A computer code has been written and validated 
for the calculation of these eig€!Ilfunctions. Another code is presently under development 
which will use these eigenfunctions to build the stiffness model For the details of the 
stiffness model, see Ref. 6. 
3 
Depending on what funding we can find, in the future we intend to generate results 
from this new theory for the cylindrical bending problem. This will allow us to inexpen-
sively evaluate the number and types of normal line element degrees of freedom required for 
accurate solutions. The last step would then be to build a prototype plate finite element. 
We believe that this element ·would be far superior to any extant plate finite elements. 
We would want to vrork with someone who already has experience in two-dimensional fi-
nite elements. The strength of our element would be in the theoretical foundation, not 
in the finite element technology itself. Dr. Sutyrin also has devised a means by which a 
discretized model based on three-dimensional finite elements can be reduced directly to 
plate elements. While this should be equivalent to our present semi-analytical approach, 
it may prove to be more convenient in certain contexts. 
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A VariabJle-Order Laminated Plate Theory 
Based on the Variational-Asymptotical Method 
Bok W. Lee; Vladislav G. Sutyrin;· and Dewey H. Hodgest 
Georgia Institute of Technology, Atlanta., Georgia 
Abstract 
The variarionaLasymptot:ical method is a mathemat-
ical technique by which the three-dimensional analysis of 
laminated plate deixmat.ion can .be split into a linear, one-
dimensi~ throogb-the-thidmess analysis and a nonlin-
ear, two-dim,.,m.ma.J, plate analysis. The elastic constants 
used in the pb1e analysis are obtained from the through-
the-thickness u:alysis, along with approximate, closed-form 
three-dimeosiooa distributions of displacement, strain, and 
stress. In this paper, a theory based on this technique 
is developed vhidl is capable of approximating three-
dimensional ebsticity to any accuracy desired. This theory 
is not developed using any of the usual approaches of lam-
inated plate thec.y. That is, it is not based on any power 
series expansj.rm through the thickness, nor is it based on 
introduction ol & set of variables which describe displace-
ment in separa~e layers of 1amin.ated pu~tes. Rather, the 
asympto~ liElhod a.Ilows for the approximation of the 
through-t.he-thidness beha\ior in terms of the eigenfunc-
tions of a a:rtain Sturm-Liouville problem associated with 
the thickness coordinate. These eigenfunctions contain all 
the necessazy inirmation about the nonhomogeneities along 
the thi~ coadinate of the plate and thus possess the ap-
propriate dB-ontinuities in the derivativE:s of displacement. 
The theory is pesented in this paper along with numerical 
results for the ~ of various laminated plates. 
Introduction 
For aerospace structure;, laminated composite materi-
als provide exrdlent opportlmities for structural simplicity 
as well as ~ couplings for potential optimization of de-
sign crit.erizL. Although plates made of such materials have 
been used fx s:me time in a ~.-ariety of engineering appli-
cations, ~ and efficient methods for analyzing plates 
with anisotropy and nonhomogeneity are still needed. This 
is partly d'Di! 1.0 rapid chan..,oes taking place in manufactur-
ing techno~ f.:J[' composite materials .and partly to ever-
increasing~ for a.ccuracy and efficiency. Much of 
what is done i5 based on clas;ical plate theory (CPT) which, 
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although adequate for many engineering applications, has 
~known limitations due to the Kirchhoff hypothesis. 
Background 
Many attempts have been made to improve classical 
theory by taking into account non-classical behavior such as 
transverse shear defonnation and transverse normal stresses. 
Fiom the time laminated fiber-reinforced composites were 
first introduced, numerous works have been published, the 
objectives of which include the improvement of CPT for lam-
inated plate applications. This subject is discussed at length 
in review papers!-.2 There are two main classes of methods 
for- improving plate theory found in the literature: {1) Power 
Seriu Methods: expansion of the displacement field variablEs 
into higher-order power series in the thickness coordinate; 
and {2) LayeT'11Me Variables Methods: incorporation of~ 
arate sets of displacement variables for each layer. Both of 
these methods ha~ known shortcomings. For example, no 
~series expansion can possibly render accurate results 
foc qu&ntities which may possess discontinuities, such as cer-
tain components of strain and stress in laminated plates. 
The layerwise variables methods rely on a significant in-
crease in the nmnber of unknowns, a number which depends 
on the number of layers in the plate. A third method has 
received some attention in recent years, which involves an 
assumed displacement field with ~ontinuities allowed in 
through-the-thickness derivati~·"·5 There is no question 
that this method yields excellent results in some cases, but it 
lacks a systematic basis for choosing the displacement func-
tions, and it does not yield an asymptotically correct result 
in general. 
Ref. 6 undertook a quite different approach. It does not 
involve a power-eeries expansion through the plate thick-
ness, nor does it involve layerwise unknowns. Rather, the 
three-dimensional energy of a laminated plate was approx-
imated following Berdichevsky's variational-asymptotical 
methodology? Normally asymptotical methods are employed 
for analytical developments, but here such a method was 
used in a sort of semi-analytical approach. Namely, the 
theory leads to a Reissner-like plate theory, along with a 
set of elastic constants; it also provides a set of influence 
fu:nctions from which approximate three-dimensional dis-
placement, strain, and stress fields can be determined once 
the plate equations are solved. The plate equations can be 
soh~ by any method desired, such as a two-dimensional 
finite element method. The analysis was restricted to lami-
nated plates for which each lamina exhibits monoclinic :ma-
terial symmetry about its middle surface. Their first ap-
proximation is asymptotically correct for this case and coin-
cides v.ith classical laminated plate theory. Hov.-ever, their 
P~.e.: a.t the 34th Structures, S t;ructural Dynamics and ~fat.eri.a.l:s Conference. La Jolla., California, April 19 - 22, 1993 
second a.;>~rimation is asymptotically correct only when 
ea.ch e~ of the reduced stiffn~ matrix Q (see Jon~) 
is const.a.nt through the thickness of the entire plate. Al-
though the theory is not asymptotically correct otherwise, it 
was intended for application to laminated composite plates. 
The limita.tion of their work stems from a term in the strain 
energy .-bich was neglected. A suitabl.~ method to make 
this term ~ rigorously is needed in order to make the 
theory asymptotically correct, but was not given. 
A similar, but somewhat i.mprov~ approach was un-
derUken by Refs. 9 and 10, in which the estimation~ 
cedure of Ref. 6 was slightly modified to include transverse 
shear tenDs in the first approximation . .Plates with croes-
ply ~sequences under cylindrical bending were taken 
as example problems in Ref. 9. In a later extension of this 
work!0 pb.tes with arbitrary stacking sequences undergoing 
cylindrical bending were taken as example problems. The 
material ca:digurations of these latter plates are not as sim-
ple as those c1 bHlirectiona.l plates, because of the influence 
of the coupling of transverse shear terms. The distributions 
of three-di:mensional displacement, strain, and stress were 
investigal.ed b both cases by comparing the corresponding 
three-dime:n:sio exact elasticity solution~1 •12 The theory 
of Refs. 9 2nd 10, termed the "n~cal" plate theory 
(N CPT), v-as shown to be more accurate than CPT for thick, 
laminate:! phtes; also, it was shown to yield results which 
are ~ better than those of the theory of Ref. 6. 
s~ there -were results reported for which the corre-
lation ol. :SCPT with the exact solution is not good. For 
example, vben shear coupling exists, NCPT shows signif-
icantly beuer' correlation with the exact solution than for 
the bHlirecnanal cases. It is necessary, thEn, to extend the 
validity of the theory to a higher approximation. Although 
it is DO( discussed in Refs. 9 and 10, such an extension re-
quires t!::a: certain interaction terms vanish. These terms 
are anal:.~ to the one neglected in Ref. 6 . For this reason 
a method ix generalization of the theory of Refs. 9 and 10 
has heeL. ~"ek>ped, and that is the subject of the present 
paper. 
Presem Approach 
'fbe essence of the new approach, which guarantees dis-
appeara;:l~ ol the interaction terms discussed above, is the 
introductioo of new "degrees of freedom" into the three-
d.imensiGnal displacement field. We are not using the term 
"degi"eE!5 ct freedom" in its usual sense. Here we mean plate 
(i.e., tvor~nal) displacement variablE!S which are as-
sociated with a particular deformation mode of the normal 
line el~ through the thickness. The shape functions 
of these De"Y degrees of freedom are chosen as the eigen-
functions ass:Jciated with a certain Sturm-Liouville problem 
formula4ee by Sutyrin~3 By choosing the 8.'5sociated WaiJr-
ing dispb..renent to be orthogonal to the shape functions for 
ea.ch of the new degrees of freedom, the displncement field is 
uniquely dd!ned. The choice of shape functions from these 
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eigenfunctions guarantees that any additional warping in-
duced by the new degrees of freedom is of a higher order rel-
ative to the new degrees of freedom themselves. The order of 
these new degrees of freedom reldive to the strain depends 
on the loading and the materiw constants. After obtaining 
the eigenvectors by using a one-dimensional finite element 
method, the plate elastic constants can be obtained through 
the varia.tional-asymptotical method. Utilizing global defor-
mation equations along with this resulting plate constitutive 
law, we will complete the formulation of the theory. 
In this paper we first provide the details for the kine-
matics of plate deformation in terms of classical plate dis-
placement variables and the new degrees of freedom. The 
strain field needed to develop a geometrically nonlinear plate 
theory is written in terms of these displacement variables. 
Tbe small parameters are identified as £, the maximum 
strain in the plate, and ~, where h is the plate thick-
ness and l is the characteristic length over which the de-
fomla.tion varies in the deformed plate. The variational-
&SyJilptotical method is then used, along with a Ritz-type 
approximation of three-dimensional clic3placement variables 
in the through-the-thickness coordinate, to approximate the 
three-dimensional strain energy of the plate with a function 
ol two-dimensional quantities only. The above-mentioned 
Sturm-Liouville problem is identified, the eigenfunctions of 
which guarantee the warping to be of higher order than 
any retained degree of freedom if they are chosen as the 
shape functions for the retained degrees of freedom. The 
two-dimensional strain energy function is then given as a 
function of material constants and eigenfunctions. 
We are able to calculate the exact solution for the 
Sturm-Liouville ·problem only for one- and two-layer plates. 
Thus, it was necessary to develop an approximate method 
of solution so that the plate theory could be finalized. We 
present a finite element analysis in one dimension (through 
the thickness) which we use to solve the Stlll'lil-Liouville 
problem based on the shape functions of Ref. 14. EigenVal-
ues and eigenfunctions for various laminated plates obtained 
by a one-dimensional finite element method are presented 
and, when possible, compared with the exact solution. Ap-
plication of the theory will be addressed in a later paper. 
Theoretical Development 
The objective is to derive a strain energy function of a 
plate in terms of two-dimensional quantities only. It can be 
done only if some small parameters are present. We suppose 
that the parameters mentioned above, E and ~, are small. 
Three-Dimensional Formulation 
To begin we will formulate a three-dimensional devel-
opment which shall be considered the exact solution to the 
plate problem. 
Undeformed State of Plate A typical point in the uncle-
formed plate can be located by introducing a Cartesian coor-
dinate system Xi in such a way that X a: { x 1 , x2} = x denotes 
lengths ak:q;: orthogonal straight lines in the mid-surface of 
the undei.:r::i:ned plate, and x 3 = y = h{ ic; the di'itance in 
the no~ direction, where-~ ~ ( ~ ~- Throughout the 
analysis, Greek indices assume values 1 or 2; Latin indices 
assume '-a!ues 1, 2, and 3; and repeated indices are summed 
over their ranges. 
The~ position vector i{x11 x2,y) to an arbitrary 
point in the undeformed plate can be ....-ritten as 
f(x,y) = r(x) +yb(x) (1) 
.-here the notation (),a denotes the partial derivative with· 
respect to X a. 
In order to eliminate the arbitrary rotation of vectors 
Ba around normal B we impose the following constraint 
(8) 
where r(x} ~ the spatial position '-ector of points on the 
mid~ of a plate and b(x) is the unit normal vector. A schematic of the plate deformation is shown in Fig. 1. 
We will also need notation for unit '~ ba = -/!;; whi~ 
together with b, form an orthonormal triad. Uadd'ormcd Stu 
Si.nce the ~le y (and () is chosen 5pfrifically so that 
the spatia! position vector r to a point on the reference mid-
surface is the average position of points along the normal 
line at a particular value of x 1 and 72, then 
r(x) = (f(z.()j (2) 
where the notation 
(3) 
is used th:ougbout the paper. 
Defonna! St.au of Plate Without any restr.ictions the posi-
tion ~ it(:r1 , :z:2, y) to an arbitra.ry point in the deformed 
plate can be represented by 
R{%,y) = R(x) +yB(x) + t;.(x,()Bn(x) (4) 
where R{:r) is the position vector of points on the deformed 
reference surface, Bn{x): {B1(x), ~(x), B3(x) = B(x)} 
is the re6=rence orthonormal triad 'Vi"ith vector B being or-
thogonal to the deformed reference surface, and vn(x,() are 
compoil!3itS of the general warping displacement of an arbi-
trary ~in the deformed normal line, consisting of both 
in- and ~-<>f.-plane components so that all possible defor-
mations a....-e considered. 
The warping v" could not be defined uniquely as a func-
tion of ( 'l1liiith an arbitrary choice of R(x) unless they are 
subject{.} the constraints 
Fig. 1: Schematic of plate deformation 
( u is the displacement of the reference surface) 
ThUB, Eq. ( 4) provides a convenient way to represent 
the arbitrary function R(x,y). The orientation of the triad 
B.. is now specified uniquely. · --
Strain Field AB shown in Ref. 6, under the condition of 
small. local rotation, the Jaumann strain components can be 
arranged in a 3 X 3 symmetric matrix r•, given by 
(9) 
(5) where I is the 3 x 3 identity matrix. 
which JDe:Ail:S that 
R(x) = (R<x.()) (6) 
The cnhogonality of vector B to the teference surface 
means 
R,a·B = 0 (7) 
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Substituting Eq. (4) into the Jaumann strain, Eq. (9), 
one can express the strain field as a 6 x 1 column matrix 
f = lfi1 2fi2 fn 2J'iJ 2f2:J fi:JjT so that 
(10) 
where ( . ' = ~~ and matrices r, ' rt: 
.t:, . and rl are 
rh 
0 0 0 
rt: = [ ~ ~] 0 0 0 0 0 0 
1 0 0 0 1 0 0 0 1 rl = rn nJ 
1 0 0] [0 tO 0] 0 1 0 1 0 0 
0 0 0 0 1 0 
oo1 r2 = ooo 
0 0 0 0 0 1 
0 0 0 0 0 0 




Here~ will introduce the t'WcHiimensional strain measures 
for inplane stretching and shear 
(13) 
and the two-dimensional strain measures for bending and 
twist 
(14) 
Tbe small parameter£ can be now. specified as 
E=maxl-rl (15) 
A few nonlinear terms in the strain fie]d, which couple v 
and""!, have been neglected in Eq. (10) because the physically 
lineax plate theory is considered. The form of the strain field 
is of great importance because it is now linear in -y, v', and 
V,:z:· 
This is the only point where E as a Sinall parameter is 
taken into accormt. 
Stroir. E nerqy of Plate The strain energy density per rmit 
area foe a plate can be written as 
(16) 
where Dis the 6 x 6 symmetric material matrix in the Bn 
basis. 
The three-dimensional Janmann stres8 Z, which is con-
jugate to the J awnann strain r is 
Basic Three-Dimensional Problem 
The basic three-dimensional problem can now be re~ 
resented as the follov.ing minimization problem 
J U (-'r(x), t/(x, (), V,x(x, ()) hdx1dx2 + 
(18) 
+terms vtith extemal forces-+ min 
where the minimmn should be found with respect to three 
arbitrary functions R(x), through which -y(x) is calcuJated, 
and to three functions vn(x, ()which are subject to the con-
straints of Eq. (5). 
Note that the orthonormal triad BA is not an inde-
pendent variable, since it is a subject to the constraints in 
Eqs. (7) and (8). It is completely determined by the function 
R(x). 
Dimensional Reduction 
Splitting of the Problem Now the functional space of all the 
admitted functions R{x,y) is split into sublayers with a 
choice of the x-dependent functions R(x). In each layer 
the functions Vn(x, () are arbitrary under the constraint in 
Eq. (5). 
We can solve this problem in two steps. First we are 
going to find functions Vn(x, () for any prescribed choice 
of functions R(x). As a result, we will have Vn(x,() as a 
functional of R(x) and(, and the functionaL Eq. (18), will 
become dependent only on R(x). That fimctional will give 
us a two-dimensional plate theory. The second step is to 
solve that theory. 
Sirice the energy density U depends not only on func-
tions vn(x, () but also on their derivatives with respect to x, 
then the result of the first step will be very complicated (it 
will contain a non-local dependence on R(x) in the general 
case) and cannot be obtained in an appropriate form unless 
-we take advantage of some small parameters. 
Small Parameters Let us consider the situation where pa-
rameters h, land e are present. Since no coefficient matrix 
of r, Eq. (11), depends on these parameters, it is clear that 
the first term of the expression for strain, Eq. (10), has or-
der ~, the second term has order £, and the third one has 
order ~. The third term has order ~ times that of the 
first. We should neglect this as a higher order term in the 
first approximation if we are going to expand the solution 
with respect to the small parameter ~. In the future, this 
important circumstance allows us to avoid the presence of 
derivatives of unknown functions vn(x, () with respect to x 
in the problem for any approximation an<L hence, to solve 
it in an appropriate form. 
Z=Df (17) Since our main problem has become linear with respect 
to the unknown functions vn(x, ()and the two-dimensional 
strain measure --y, the smallness of parameter E does not 
need to k considered any more. This fact has already taken 
into aco.J(.illt (see above under Stmin Fieli). We will expand 
the warping t:n(x, () as a series with respect to the small 
par~~ ~ only. In the absence of other small parameters, 
expa.ns;i.u-o ::1 ~ is the same as expansion in h. That is why 
we can consKler h to be the small parameter in spite of its 
dimension. 
D iscret:ization 
1be problem may be solved numerically by discreti.zing 
with respect to the thickness variable(. Now the unknown 
functiolti v. ( :t:, () are represented as the product of a matrix 
of shape functions S{ () and a column matrilx of nodal values 
of v{:t:, {}. which we will denote V 
v(x, () = S(()V(x) (19) 
Substituting the discretized unknown function in 
Eq. {19} into the energy density, Eq. (16), while taking into 
account the strain, Eq. (10), one obtains 
2U = {-lJ 2 vTEV+ (i) 2 VT[D~u:-y+DhzV,%]+ 
+{1) (y Du'Y + 2 V:z TD~u'Y+ V:z T Du V,%) 
in wbrlr. the following definitions are introduced 
E ~ ((rh S1T D (rh S1) 
D~u: ~ ( (rh S']T D (4]) 
Dhx ~ ( (rh S']T D [ItS]) 
Du ~ (rr£ ]T D(r£ 1) 
Dx£ ~ (rrt S]T D (r£ J) 




Aco:-cl.ing to the variational-asymptotical procedure, in 
order t.o get the next approximation, one should retain only 
the le•:~hg energy term with respect to the small parameter 
that cmtains the unknown functions and the leading inter-
section term between the unknown function and the rest of 
the fur.ctional {for more details see Ref. 7). 
\\e are .left with the following expression 
(22) 
5 
This function should be minimized with respect to variable 
V under the constraint, Eq. {5), which is transformed to the 
following condition after discretization 
{23) 
where W ct is matrix with three columns, each corresponding 
to one of the constraints of Eq. (5). The set of columns Wet 
are determined by the kemel (null-space) of matrix E (for 
more details see Ref. 7). This means 
E'llct =0 (24) 
Let us suppose that the set of columns '11 cl iB normalized in 
such a way that 
'I/~H'llct =I (25) 
The Euler equation for the problem posed by Eqs. (22) 
and (23) is 
(*)EV+Dh£'Y = H'llct~ (26) 
where ~ is the column matrix of Lagrange multipliers for the 
constraint in Eq. (23). By pre-multiplying Eq. (26) by w~ 
one can prove that 
~= w~D~&e-r (27) 
Now the equation for V, Eq. (26), is rewritten as 
Since E has a kemel, E-1 does not exist. However, the 
pseudo-inverse of E, E~, satisfied the following relations 
EE~ =I- H'llct'll~ 
E~E =I- 'Ifct'li~H 
E~EE;=E; 
(29) 
can be found (see the Appendix) and the solution ofEq. (28) 
can be represented as 
(30) 
Substituting the solution, Eq. (30), into the discretized 
strain energy density, Eq. (20), and keeping only terms with 




The third property, Eq. (29), is taken into account here. 
This is the identical to the dassica.! result for the strain 
energy of laminated plates. 
New Degrees of Freedom 
In order to make our plate functional ][OOre flexible with 
respect to the variable x, let us introduce the new unknown 
plate functions such that 
V(x) = Wqq(x) + W(z) (33) 
where q is a column matrix of~ new tmknown func-
tions, ~q is a matrix, each cohmm ol which represents a 
(-shape form associated with one of the Dl."W unknown func-
tions q(x ), which will be named «new degrees of freedom," 
and W is the new warping to be foand.. 
We will suppose that matrix ~ is nxmalized in such 
a way that 
(34) 
The following constraint for W will xwt.ke the splitting, 
Eq. (33), unique 
(35) 
The order of functions q(x) with respect to h may be 
arbitrary and it will be supposed to be equal to h0 = 1. 
As a (-shape form of new degrees of freedom let us take 
eigenvectors of matrix E which c:::or:respond to the several 
lowest non-zero eigenvalues. Such a matJ:ix Wq will satisfy 
the following equation 
EWq =H~A.r (36) 




The constraint of Eq. (23), wh¥::h still might be satisfied 
by W, can be combined with the constraint of Eq. (35) after 
introducing the matrix ~u = ( ~ cl ~ ] in such a way that 
wTH'Vu =0 (38) 
Analogously, Eq. (36) can be ~en a.s 
(39) 
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where matrix Au is 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
Au= 0 0 0 ).1 0 (40) 
0 0 0 0 ).N, 
Calculation of Strain Energy 
Let us assume that ...-.e have the correct expansion of V 
through order h2 
{41) 
where V0 denotes the first term of Eq. (33) 
(42) 
The vector Vo satisfies the equation 
EVo =HWqA.qq (43) 
and vectors vl and v2 ba'\-e to satisfy the constraint found 
in Eq. (38). 
If we have an asymptotically correct expansion for 
Eq. (41), we can calcu1ate an asymptotically correct energy 
for order h0 = 1 
2U = G rv.;r EVo+ 
+ ( *) 2 Vl ( E\'t + DA£"Y + Dhz Vo,z] + 
+ (1 ){Vt E\.'t + 2 Vl EVo+ 
+ 2 Vt [DA£"Y+ Dh.% Vo,z] + 2 v;:zDzh Vo+ 
+JT Dur + 2 Vl~Dz€"Y + V{zDu Vo,z} 
(44) 
The underlined terms are equal to zero here because of 
Eq. (43) for V0 and the constra.int of Eq. {38) for V1 and V2 • 
This means we do not need to know the second approxima-
tion for V (i.e., V2) in order to calculate the energy for order 
ho. 
We shall minimize the functional 
(45) 
in order to find vl-
The notation v;A means 
(46) 
which comes from 2 lfGD:rh V0 in the fourth line ofEq. (44) 
after integration by parts v.ith respect to x 1 and x2. 
The Euler equation for ~he functional of Eq. ( 45) is 
where JLu is the Lagrange multiplier ...rod! enforces the con-
straint in Eq. (38). 
Applying a procedure 5imilar to the one used for the 
classical case we can calculate the Lagrange multiplier JLu 
and represent the solution of Eq.. (47) by 
(49) 
where the matrix Et can be found ..-ith the following prop-
erties 
E~ = I- H-.,_ +J' 
(50) 
See the Appendix for an explanation of how to calculate 
the matrix Et. 
Substituting this exp:re:so:;ion into the energy, Eq. (44),-
one obtains 
2U = (X) 'v.T EV. + ( ~) 2 V[(D•<'Y + Dhz Vo,] + 
+ (1){-yT Au"Y + 2 \~~Pu-r+ Vo::z:Pn Vo,:z:} 
where the following notatiao:s a.re introdll(:ed 
Au ~ Du - [~f £; [D~u] 
Pu ~ Du- [D~u - D;k]7 ~ [D~u] 
Pu ~ D:u - [Dh%- D;.]T ~ (Dh%- D;h] 
(51) 
(52) 
Finally, after substituting the expression for V0 , 




Aqq = ~q E~q = .~ 
Aq% ~ [ ~qT Dh%1 ~ '{ D~u2 ~q ] = Aq% T 
6. T T 
Aq€ = wq Dh€ = -~( (54) 
A ~ [wtPslsl~ ~rpsls2~ l 
u ilft p%22:1 ~ ~T pz2s2 Wq 
6. j" 
Au = [ P£2: 1 Wq PE:: ~ ] = A%€ 
7 
Eq. (53) represents the strain energy of a laminated plate 
undergoing deformation which is constrained only in the 
sense that the strain is small Displacement and rotation 
of the normal line dement appear nonlinearly in the expres. 
sions for -y. On the other hand, tLe new degrees of freedom 
give rise to simple linear Euler equations. Since the dis. 
placement field is I)()'Y;"" completely specified in terms of -y, q, 
and q,:z:, it becomes a simple matter to recover strain and 
stress throughout the plate by use of Eqs. (10) and (17). 
The classical plate energy can be obtained from Eq. (53) 
after it has been minimired with respect to variables q with 
partial derivatives fJ.:z: being equal to zero. 
Numerical Results 
Exact solutions for the Sturm-Liouville problem can be 
obtained with &ymbolic manipulation software, but we were 
only able to carry this out for one- and two-layer plates. 
Thus, we tmned to a finite element solution. In Ref. 15 
results for Sturm-Liouville problems with discontinuous co-
efficients were obtained which agree quite well with the ex-
act solution. Our finite element method is similar except 
that the orthogonal Jacobi-polynomial-based shape func-
tions presented in Ret 14 are used. This means that our 
finite elements ha-ve interior degrees of freedom which can 
be added without generation a new element geometry. This 
mesh through the thickness can be as fine as we wish, but 
we must at least have element breaks where discontinuities 
exist. The highest deri'-atives invoved in the problem are 
first derivatives 1rith respect to(, and thus CO continuous 
shape functions can be used. See Ref. 14 for details. 
In this section ...-e present some numerical results for the 
solutions of the Stm:m-Liouville problem, compared when 
possible with the exact solution. We start with an error 
analysis of the eic,oenvalues for the two-layer case, and we 
conclude with the eigenfunctions of one-; two-, and four-
layer plates. The fum-layer results include both a symmetric 
plate and a no~tric cross-ply plate. 
For the purpose of discussion only, we align our coordi-
nate axes with x 1 along the length ("longitudinal in plane") 
and x2 along the ~th ("lateral inplane"); these are not 
necessarily aligned with any material axes. For our exam-
ples, we choose a fiber reinforced composite material which 
has the following material properties 
EL = 25 X ld!psi 
GLT = 0_5 X ld!psi 
VLT = '7T = 0.25 
Er = 106psi 
GTT = 0.2 X 106psi 
where signifies the direction parallel to the fibers and T the 
transverse direction. These properties, along with a ply an-
gle, allow the cakulation of the matrix D. Note, however, 
that in the example problema and indeed in all laminated 
plates, certain temlS in D . will vanish. Our theory does 
not require any special terms in D to be zero. Because 
of the vanishing terms in the example problems, there is 
no coupling betvreen out-of-plane and inplane displacement 
components. Thus, certain modes will be entirely inplane 
and others entire!:• out-of-plane. Also, since D()(j is constant 
through the thickness for such plates, the thickness mode 
with the lov.--est ~oenvalue for all the examples will be a sine 
function. 
As examples ~ consider the following four lay-ups: 
(15°] 
{~15° /15c] 
{30"" I - 3(f l IY"l 





where the words in quotation marks indicate the terms we 
use to designate the plate under consideration. 
Eigenvalues for Tw~Layer Plate 
All of the plates ha\"e three zero eigenvalues. These 
correspond with the class;ica.l "'degrees of freedom" of the 
normal line element, the a\"era.ge displacement components 
of that line element_ The ~aenvalues appear in the above 
equations as~ and the size of these eigenvalues may have 
a bearing on .-bether the associated degree of freedom is 
an important one. Our present understanding is that the 
smallest eigem"3lues are the ones of interest, but this must be 
confirmed by application of the theory with different choices 
for the degrees of freedom. Here we will present a few of the 
smallest non-zero eigen\-alues for the two-layer plate and the 
analysis of the error, since the exact solution is available for 
this case. 
In Table 1 the first four nonzero eigenvalues are shown 
for the two-layer plate, both from the exact solution and 
from our finite dement approximation with four elements 
( M =4). The order of the shape functions is varied by chang-
ing J, the number of Jacobi polynomials used to construct 
the higher-order shape functions. The crudest element has 
J=O, resulting in linear shape functions. Results are shown 
for J=l (quadratic shape functions) and J:=2 (cubic shape 
functions). It is seen that all of the finite element results are 
very close to the exact solution. Furthermore, the higher-
order shape functions greatly improve the accuracy. 
Exact 
t-'umerical Results (M :: 4) 
1=0 1=1 1=2 
204599617 2.15317042 2.04710246 2.04600108 
429843523 4 542708.83 4.30275294 4.29845836 
8.87418665 10.84944490 8.93773416 8.87567158 
10.57173730 11.12555748 10.57715155 10.57176142 
Table 1: ~o-ein-a.lues for 2-layer plate 
A more precise analysis of the error for the lowest 
nonzero eigen,-a.Jue is presented in Figs. 2 and 3. In Fig. 2 
the relative error-~ the size of the eigenvalue problem 
is essentially a straight line on a log-log scale if J, the num-
ber of Jacobi polynomials in each element, is held constant. 
This means that the size of the matrix increases 88 the num-
ber of elements through the thickness is inct·eased. In Fig. 3 
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the· relative error versus the size of the eigenvalue problem is 
shown for the case when the mesh is held constant; here the 
size of the matrix increases as the order of element shape 
functions is increased. We will present our results below for 
the eigenfunctions based on elements with cubic shape func-
tions. To analyze plates with a large number of layers, the 
number of elements must be increased. If only the higher-
order functions were used, such analyses could become ex-
pensi'Ye. Hmrever, 88 seen in these plots, an increase in the 
number of elements, which would be required because of 
discontinuities in the properties bet-ween layers, would bring 
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Eigenfunctions for One-Layer Plate 
Eigenfunctions for the smallest four nonzero eigenval-
ues of the one-layer plate are presented in Figs. 4a - 4d. 
The finite element results, shown 88 solid lines, were ob-
tained using 2 elements with cubic shape functions; and the 
exact soluti~ shown 88 dashed lines, is indistinguishable 
from the finite element results in the plots. Fig. 4a shows 
the eigenfunction for a transverse shear mode dominated by 
the lateral inplane displacement.. while Fig. 4b shows the 
corresponding one dominated by the longitudinal inplane 
displacement. Note in Fig. 4a the two dis]placement compo-
nents are of opposite sign while in rig . .o1;b they are of the 
same sign. Fig. 4c shows a higber mode of the . same type 
as shown in Fig. 4a. The fourth noo:zero eigenvalue has an 
eigenfunction with only out-of-plane displa.cement. We note 
the smooth character of these functi.'OS, which are close to 
sines and cosines. Plate theories based on expansion of the 
displacement in power series <X" trigooometric should provide 
excellent predictive capability b bomoge:neous plates such 
as this one. 
Eigenfunctions for ~~ Plate 
Eigenfunctions for the smallest bir nonzero eigenvalues 
of the two-layer plate are pre.ses:&ed in Figs. Sa- 5d, along 
with the corresponding eigemalues.. The finite element re-
sults were obtained using 4 elements with cubic shape func-
tions, and the exact solution is again indistinguishable from 
the finite element results in the plots. Fig. Sa shows the 
eigenfunction for a transverse shear mode dominated by the 
lateral in plane displacement. Fig. 5b shows the correspond-
ing mode having more longitudinal inpla.ne displacement, 
but not so strongly dominated by iL Fig. 5c shows a higher 
mode of the. same type as shown in Fig. Sa. The fourth 
nonzero eigenvalue again has an cigwfunct:ion with only out-
of-plane displacement, as shown in Fig. 5cl 
Although the displa.oemem functions shown in Figs. 5c 
and 5d both appear to be smooth, the displacement has a 
discontinuous slope in both Figs. 5a and 5b, in sharp con-
trast to results for the one-la~ plate. Power series approx-
imations through the entire thickness of the plate would not 
be able to capture this behavior', but the ahove theory shows 
that the warping induced by thi5 type of displa.oement is a 
higher-order effect. Thus, a plate theory llrith these degrees 
of freedom should be a noticeable improvement over classical 
theory. Furthermore, such a tbecxy should be an improve-
ment over the theory of Refs. 9 and 10. 
Eigenfunctions for Four-Layer Plate 
Eigenfunctions for the smallest i:mr nonzero eigenval-
ues of the four-layer plate are pr-esented in Figs. 6a - 6d. 
These results were obtained using 8 elements with cubic 
shape functions. Figs. 6a and 6b show the eigenfunctions 
for coupled transverse shear modes, the former having more 
lateral inplane displacement while the la.tt.E1r has more longi-
tudinal inplane displacement. Fig. 6c shows a higher mode 
of the same type as shown in F~g- ~ The fourth nonzero 
eigenvalue again has a smooth cigwfunction with only out-
of-plane displacement, shown in Fig. 6d, as expected. Again, 
in sharp contrast to results f<X" the one-layer plate, the dis-
placement has di.acontinuoUB slopes in Figs. 6a- 6c. The 
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Eigenfunctions for Cross-Ply Plate 
Eigenfunctions :or the smallest four nonzero eigenval-
ues of the cross-ply plate are presented in Figs. 7a- 7d.. 
These results were obtained using 8 elements with cubic 
shape functions. FJgB. 7a and 7b show the eigenfunctions 
for coupled ~ shear modes (with the same eigen-
values), one having more lateral inplane displacement while 
the other has more longitudinal inplane displacement. The 
third, fourth, and fifth nonzero eigenvalues are also the same. 
The eigenfunctions oorresponding to two of these eigenval-
ues are shown in Figs. 7c and 7d. The out-of-plane mode 
is shown in Fig. 7c, having the same smooth eigenfunction 
as before. Fig. 7d sbaws a higher mode of the same type 
as shown in Fig. 7h. The other eigenfunction for this triple 
root (not shown) is & higher mode of the type as shown 
in Fig. 7&. Again, in contrast to results for the one-layer 
plate, the displacement has discontinuous slopes - this time 
in Figs. 7&, 7b, and 7d.. The lack of symmetry of the plate 
is exhibited in a lack of symmetry in the inplane modes. 
It should be clear that choosing a priori displacement 
fields which exhibit the cha.ra.cter of the inplane modes 
shown in Figs. 4 - 7 would be virtually impossible. They 
have the appropriate symmetry or asymmetry, as well as the 
discontinuities which reflect the layup. 
Concluding Remarks 
A geometrically nonlinear theory for laminated plates 
is presented based on a oombination of the variational-
asymptotical method and the method of Ritz. The dis-
placement field is described in terms of the average dis-
placement of the normal line element and a small number 
of additional functions of the in-plane coordinates of the 
plate. The through-the-thickness shape functions for these 
new "degrees of freedom• are not analytic functions for ar-
bitrarily laminated plates. Rather, they are eigenfunctions 
of a certain Sturm-Liouville problem based on the thickness 
coordinate of the plate. Unlike power series formulations, 
this allows for the correct treatment the known jumps in 
the stress and strain fields. Unlike layerwise variable theo-
ries, the present theory has only a small number of variables 
in addition to those found in classical plate theory, a num-
ber which does not depend on the number of layers in the 
plates. Additional equilibrium equations for the plate the-
ory associated with the new degrees of freedom are simple, 
linear equations - even for a large-displacement theory. 
Since analytical solutions of the Sturm-Liouville prob-
lem are limited to one- and two-layer plates, a:n_ approximate 
finite element solution WBB obtained. Results obtained for 
these shape functions are presented for a variety of lami-
nated plate configurations. These results agree well with 
available exact solutions. In the future numerical studies 
will be conducted in order to determine how many and which 
types of degrees of freedom produce the best all-around plate 
theory. 
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Appendix 
Calculation of Pseudo-Inverse Matrix 
Let colwnns of matrix v be the set of all eigenvectors. 
In other llWUrds the matrix v satisfies the following system 
of equations 
EW = H'l!A 
vTH'l! =I 
where the diagonal matrix of eigenvalues A is 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 At 0 0 
A= ... 
0 0 0 0 AN, 0 
0 0 0 0 0 AN,+l 
0 0 0 0 0 0 








Now, it is easy to check that Eq. (50) and the following 
expressions are true 
E = HvA lJ!T H 
wwT = H-1 
.Ej- = lJ! A; 1 '{IT 
where ~1 is 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
A;l = 
0 0 0 0 0 0 0 
0 0 0 0 0 1 0 
XN,+l 
0 0 0 0 0 0 1 XN-• 
